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Abstract: This is the content of a set of lectures given at the "XIII Jorge Andre Swieca Summer 
School on Particles and Fields", Campos do Jordao, Brazil in January 2005. They intend to 
be a basic introduction to the topic of gauge/gravity duality in confining theories. We start by 
reviewing some key aspects of the low energy physics of non-Abelian gauge theories. Then, we 
present the basics of the AdS/CFT correspondence and its extension both to gauge theories in 
different spacetime dimensions with sixteen supercharges and to more realistic situations with less 
supersymmetry. We discuss the different options of interest: placing D-branes at singularities 
and wrapping D-branes in calibrated cycles of special holonomy manifolds. We finally present an 
outline of a number of non-perturbative phenomena in non-Abelian gauge theories as seen from 
supergravity. 
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Note: 

This set of lectures intends to be a basic introduction to the topic of gauge/gravity duality in 
confining theories. There are other sources for a nice introduction to these topics |]20|, p4| . 



We nevertheless attempted to keep our own perspective on the subject and hope that the final 
result could be seen as a valuable addition to the existing literature. 



1. Lecture I: Strongly Coupled Gauge Theories 

Quantum Chromo dynamics (QCD) is the theory that governs the strong interaction of quarks and 
gluons. It is a non-Abelian quantum field theory with (color) gauge group SU{3). The fundamental 
degrees of freedom are gluons A'^^ E F ^ F and quarks G F, where a is a fiavor index (whose 
values are customarily taken to be up, down, strange, charm, bottom and top) and k, k are color 
indices. The elementary fields are evidently charged under SU{3), whose local action on the fields 
is 

qa^Uqo., A^^ UA^ + 1 {d^U) . (1.1) 

Mesons and baryons, instead, which are made up of quarks and gluons, are singlets under the color 
gauge group. The SU{3) invariant Lagrangian is 

^/ 

Cqcd = Tr F^.F^'' + Tr F.^^F^^^ + V qo^{-i^^D^ + m,)g, , (1.2) 
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where gYM,o and 6ym,o are, respectively, the bare couphng constant and ^-angle, the bare mass 
matrix of the quarks and Nf the number of Weyl fermions. If we set nia to zero, QCD is also 
invariant under 

U{Nf)L X U{Nf)R = SU{Nf)L X SU{Nf)R x U{l)v x U{1)a , (1-3) 

at the classical level, where it also seems conformal (there are no dimensionful parameters in the 
Lagrangian). At the quantum level, however, instantons break the axial symmetry U{1)a and a 
quark condensate emerges < qik Qr which breaks one of the SU{Nf) factors. We now review 
some aspects of QCD, including the striking feature that its elementary constituents, the quarks, 
appear to be weakly coupled at short distances and strongly coupled at long distances. 

1.1 Running Coupling Constant and Asymptotic Freedom 

Consider the one-loop effective action expanded around a classical QCD background. We will set in 
what follows 6ym = 0. ^ Its computation amounts to the calculus of some functional determinants, 
as can be immediately seen in the path integral formulation of the theory. After expansion, using 
the fact that a classical configuration satisfies the Euler-Lagrange equations, S^^^A^, qa) = 0, linear 
terms vanish (the bar over a quantity refers to its classical value). The resulting integration over 
the fluctuating fields is Gaussian. This imphes, by means of the operatorial identity TrlogC = 
logdetC, that the result can be written in terms of functional determinants 

StUop = / d'x + ^^^log Ai - ^Tr log 

where 

Dn is the covariant derivative and f"'\ are the structure constants which appear in the gauge group 
algebra 

^J^o, 2^6j jab rpc 

Since determinants are gauge invariant functionals of the fields a series expansion will begin with 
quadratic contributions in the gauge field strength, which happens to be proportional to the terms 
appearing in the Yang-Mills Lagrangian. This amounts to a quantum mechanical correction to the 
gauge coupling. Arising from a one-loop computation, we expect to get a logarithmic divergence 

where /i is the energy characterizing the variation of the background field and A a regulator (the 
scale at which we impose renormalization) , while bo results to be the following number 

11 ANf f 2 \ , , 

bo^--c, + ^Cf^-i^ll--Nfj , (1.5) 

^Present bounds on the value of the thcta angle tell us that 9ym < 10~^. It is actually an important open 
problem to understand why it is so small or possibly null. 
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where = N^. = ^ and c/ = 1/2 are Casimir values corresponding to the vector and fermion 
representation of the gauge group, 

We immediately extract from Eg. (|1.4|) an important result: Quantum effects render qym scale- 
dependent 

-9 -TT = -3 TT^ log T • (1-6) 

When there are few fermions {Nj < 17), this results in a negative /^-function. 

Strikingly, if we take yU 00, i.e. at high energies, Qym ~^ 0. QCD is a perturbative theory at 
sufficiently high energies or short distances. The theory is analytically tractable in that regime. 
This is the remarkable phenomenon known as asymptotic freedom ||6^. Notice that, as we reduce 
the energy at which the theory is probed, the coupling increases. This is shocking and in complete 
contrast to what happens, for example, in Quantum Electrodynamics (QED). 

1.2 Dimensional Transmutation 

Let us now compute the renormalization of the gauge coupling assuming gy^^^ « 1 for external 
gluons of momentum Q. The Renormalization Group (RG) equation can be read from the leading 
Feynman diagrams (Fig.|l|): 




Figure 1: Leading, next-to-leading and next-to-next-to-leading perturbative contributions to the Yang- 
Mills coupling constant for an external gluon of momentum Q. 



dgYM _ bp 3 , 2bi 5 Q 
dt ~ (47r)2 + (47r)4 ^ym + ■ ■ ■ * " ^ 

where 60 is the value computed above in ( |1.5| ) and 61 is the number 

19 

61 = - ( 51 - -Nf 
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(negative for Nf < 9) that will not be of great relevance to us. The Renormalization Group equation 
( p.. 81 ), including the next to leading term, can be rewritten as 



dgyli ^ L /^ft + A 

dt 87r2 I ° ^ 8772 



bo + T6^9YM+ ■■■] , (1-9) 



which, in the regime where gyj^j ~ ^ small, can be integrated with the following result: 

7^ + ^ r~];2logM+ ■■■ = constant . (1.10) 

From this expression, it is straightforward to see an extremely significant consequence: we can 
construct a dimensionful quantity that survives the removal of the regulator: 



constant A , (l-H) 



when t,Q ^ 00. An energy scale appears quantum mechanically in an otherwise massless theory! 
This is the phenomenon known as dimensional transmutation [^. The dynamically generated 



scale is customarily called Aqcd- It is an unexpected built-in energy scale of QCD, which is 
experimentally found to be Aqcd ~ 200MeV. 

1.3 QCD at Low Energy 

As we have seen earlier, at energies high enough (higher than Aqcd), the theory is perturbative 
and we can use Feynman diagrams to compute particle scattering processes. When we decrease the 
energy, qym increases and, at some point it should be of order one or larger. The theory ceases 
to be well-defined perturbatively. This is in a sense welcome! Indeed, classical non-Abelian gauge 
theory is very different from the observed world. For QCD to successfully describe the strong force, 
it must have at the quantum level properties which are dramatically different from the behavior 
of the classical theory or perturbation theory built from it. This is telling us that the theory is 
strongly coupled at low energies. In particular, the following phenomena have been observed in the 
laboratory: 

• Mass Gap: there is a A > such that every excitation of the vacuum has energy at least A. 

• Quark Confinement: even though the theory is described in terms of elementary fields, the 
physical particle states (baryons, mesons, glueballs) are SU{3) invariant. In a sense, the 
SU{3) symmetry disappears in the infrared (IR). 

• Chiral Symmetry Breaking: when the quark bare masses vanish the vacuum is invariant 
only under a certain subgroup of the full symmetry group acting on the quark fields. The 
SU{Nf) X SU{Nf) chiral flavor symmetry of the QCD Lagrangian is broken, as explained 
above, in the vacuum of the theory. Besides, let us remind that there is also a UV breaking 
of a global U{1) -the one that we called U{1)a in (|1.3| )-, 



to a discrete subgroup, due to the contribution of instantons. 
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These are conjectured to be non-perturbative phenomena that govern the low-energy physics of 
QCD. There are other aspects of this nature that we will mention below. To show that this 
phenomenology can be actually derived from the theory of quantum chromodynamics is still an 
open problem. These phenomena take place in a regime of the theory which is not tractable by 
analytic means. How do we study strongly coupled gauge theories?. 



1.4 Strings in QCD 

It is natural to think that, as soon as the theory becomes strongly coupled, the relevant degrees of 
freedom cease to be the elementary point-like excitations of the original quantum fields. The phe- 
nomenon of color confinement might be telling us that the appropriate objects to be described are 
not the building blocks of classical QCD, quarks and gluons, but, for example, the confining strings 
formed by the collimated lines of chromoelectric flux. The underlying idea is that at low energies 
magnetic monopoles might become relevant, condense, and squeeze the otherwise spread chromo- 
electric flux into vortices (in analogy with Abrikosov vortices formed in ordinary superconductors). 
Thus, when studying QCD at low energies, we should change the theory to, say, a (perturbative) 
theory of strings describing the dynamics of these collimated flux tubes. ^ What kind of strings 
are these? First of all, they are thick strings. Their thickness should be of order 1/Aqcd- This 
seems very different from the fundamental object studied in string theory, which has zero thickness. 
Remarkably, it is possible to argue that thickness might be a holographic phenomenon due to the 
existence of extra dimensions where the strings can propagate ||119| . 



There is another coincidence between QCD and string theory: they have a similar particle 
spectrum given by an infinite set of resonances, mesons and hadrons, with masses on a Regge 
trajectory 

Mj ~ + ^ , (1.12) 

where J is the spin and a' sets the length scale (in the string picture, 1/a' is the string tension), 
that is, a' ~ ^qcd- These were actually the reasons behind the original ideas about strings in the 
context of the theory of strong interactions. 

Once we accept that a non-Abelian gauge theory as QCD admits a description in terms of 
closed strings -that is, quantum gravity- in a higher dimensional background, another important 



issue comes to mind. It was shown by Bekenstein |15] and Hawking [75] that the entropy of a 
black hole is proportional to the area of its event horizon. If gravity behaves as a local field theory 
we would expect, from elementary notions in statistical mechanics, the entropy of a gravitational 
system to be proportional to its volume. Somehow, this suggests that quantum gravity is related, 
to local field theories in lower dimensions in a holographic sense \^2\\ . 

Gauge theory and string theory are related in a deep way which we are starting to understand. 
As a final piece of evidence, we shall recall that string theory has some solitonic objects called 



D-branes, on whose worldvolume a particular class of gauge theories live ||117|| which, on the other 



hand, are sources for the gravitational field. We will come back to this point later on. Before, let 



^Notice that, while these strings are open having quarks attached at their ends, there are also closed strings in 
QCD forming complicated loops. These are purely gluonic objects known as glueballs. 
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us see an interesting framework where the relation between gauge theory and string theory can be 
estabhshed on a sohd footing. 



1.5 The Large Nc limit of Gauge Theory 

A remarkable proposal was made thirty years ago by 't Hooft [^. Take the number of colors, Nc, 
from three to infinity, Nc ^ oo and expand in powers of l/Nc- The so-called 't Hooft coupling, 

X = gl.,,Nc, (1.13) 

has to be held fixed in the limiting procedure. This framework provides a feasible perturbative 
method in terms of the 't Hooft coupling. It is worth noticing that lattice numerical studies indicate 
that large Nc is a reasonably good approximation to Nc = 3 |134]. 



Using double line notation for gluons A^*^ and quarks g^, where each line represents a gauge 
group index of the field, Feynman diagrams become ribbon graphs. Thus, Feynman diagrams can 
be drawn on closed Riemann surfaces Eg. Vertices, propagators and loops contribute, respectively, 
with factors of gyM^ 9ym Nc to the diagrams. Then, a Feynman diagram including V vertices, 
P propagators and L loops, contributes as A*"^, x = ^^P + L = 2 — 2g = Eul{T,g). In the large 
Nc limit, a given amplitude A can be written as a sum over topologies 

oo 

A = J2^,{X)N'^-'^ . (1.14) 

9=0 

When Nc ^ oo, with A fixed, planar Feynman diagrams dominate (see Fig.|]) and we have two well 
distinct regimes: 

• If A << 1, also gvM << 1, thus, perturbative gauge theory applies and we can use Feynman 
diagrams. 

• If A >> 1, A can be rearranged in a form that reminds us of a familiar expression in string 
theory, 

oo 

A = j29'r'AW. (1-15) 

9=0 

Ag{X) being a perturbative closed string amplitude on S^, where gs = l/Nc « 1 is the 
string coupling, and A = gsNc is a modulus of the target space. 

Two comments are in order at this point. First, if we add quarks in the fundamental representation 
of the gauge group the resulting diagrams are drawn on Riemann surfaces with boundaries. This 
amounts to the introduction of open strings -that can be thought of as corresponding to the flux lines 
that bind a quark and an antiquark to form a meson- into the computation of a given amplitude. 
Second, it should be noticed that Feynman diagrams would span discretized Riemann surfaces that 
do not seem to correspond to a continuous world-sheet as that of string theory. Only very large 
Feynman graphs may provide a good approximation to continuous world sheets -notice that the 
string theory description is valid at strong coupling, where it is reasonable to assume that large 
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Figure 2: A plot showing two diagrams that contribute to quantum corrections of a meson mass to the 
same order in the couphng constant. The diagram on the left has 3 loops and will be proportional to A^^, 
whereas the single loop diagram on the right just contributes a factor of Nc- 



Feynman graphs indeed dominate-. The idea is that a full non-perturbative description of the gauge 
theory will fill the holes. The results that will be discussed in these lectures point encouragingly in 
this direction. 

In summary, strongly coupled large Nc gauge theories are dual to (better described in terms 
of) perturbative closed string theories. Again, we should ask: what kind of string theories are those 
appearing here ? Early examples of large A^^^ duality, involving bosonic strings on various backgrounds 
that are dual to zero dimensional gauge theories (matrix models), were constructed some ten years 
ago In the last few years our understanding of the relation between gauge theory and string 
theory has been dramatically enhanced after it was realized that the former can be made to live on 
multi-dimensional solitonic extended objects appearing in the latter: the D-branes we mentioned 
earlier ||117|| . These gauge theories are typically supersymmetric. Thus, in order to be able to deal 



with these examples, let us introduce an extra ingredient: supersymmetry. 
1.6 Supersymmetry and Gauge Theory 

Supersymmetry relates fermions and bosons, matter and interactions. It has been proposed as a 
symmetry beyond the Standard Model mostly because gauge couplings unify under this principle. 
Indeed, if we consider a minimal supersymmetric generalization of the Standard Model where all 
superpartners of the known elementary particles have masses above the effective supersymmetry 
scale MsusY ~ 1 TeV, then unification is achieved at the so-called GUT scale. Besides, supersym- 
metry provides a mechanism for understanding the large hierarchy in scale between the masses of 
the particles at the electroweak scale Mew ~ 100 GeV and the GUT scale Mqut ~ 10^^ GeV . To 
preserve a small number such as Mew / Mqut ~ 10"^"^ requires a fine tuning that would hardly 
survive quantum corrections. Due to the magic of supersymmetry, dangerous loop corrections to 
masses cancel to all orders in perturbation theory. In short, if unification is assumed, then it seems 
clear that there has to be new physics between the electroweak scale and the Planck scale and 
supersymmetry is a promising candidate to fill the gap. 

On the other hand, from a purely theoretical point of view, supersymmetry is also extremely 
interesting because it allows a deeper look into the study of gauge dynamics. Supersymmetry 
severely constrains the theory and this leads to drastic simplifications that make it possible to 
deal with some of its non-perturbative aspects in many cases in an exact way. It is a symmetry 
that implies the appearance of robust mathematical structures on top of the gauge theory such 
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as special geometry, holomorphicity and integrability. Furthermore, some supersymmetric systems 
belong to the same universality class as non-supersymmetric ones, thus opening a window to study 
non-perturbative phenomena of gauge theories in closely related systems. 

A four-dimensional Lorentz-invariant theory can have different amounts of supersymmetry. We 
shall briefly recall in what follows the most interesting cases. Those aspects which are specially 
relevant to the content of these lectures will be discussed in greater detail later. 

• TV = 8 Supergravity: This is the maximal amount of supersymmetry that an interacting 
theory in four dimensions can possess. It is related by Kaluza-Klein reduction to the lid 
Cremmer-Julia-Scherk theory It will be the subject of Dan Freedman's lectures at this 



School. 

A/" = 4 Supersymmetric Yang-Mills Theory: It is a unique, exact and finite theory (no 
quantum corrections). It will be briefly discussed in the next lecture and will be considered in 
much greater detail by Carlos Niiiiez in his course. This is the gauge theory where Maldacena's 
correspondence ||102|| applies in its full glory. 



M = 2 Supersymmetric Yang-Mills Theory: This is a theory whose low-energy dynamics has 



been exactly solved through the so-called Seiberg-Witten solution [128]. This solution relies 
heavily on special geometry and has been shown to be part of a broader framework given by 
the Whitham hierarchy of a given integrable system (in the absence of matter, for example, 
it is the periodic Toda lattice) ||65|, |52| . 

M = 1 Supersymmetric Gauge Theory: This theory is the closest relative of QCD: they 
share a number of key features that can be more easily explored in the former. Holomorphic 
quantities are protected by means of non-renormalization theorems [|127|] . This leads to a 



variety of exact results that we would like to keep in mind for later reference: 

1. Chiral symmetry breaking: The U{1) chiral symmetry is broken by instantons to a 
discrete subgroup, in this case 1j2Nc- This is a UV effect. Moreover, an IR phenomenon, 
gaugino condensation, further breaks the residual chiral symmetry 'Ij2Nc to Z2. 

2. Gluino condensation: there is a composite chiral field whose lowest component is S* = 
Tr AA, A being the supersymmetric partner of the gluon, that condenses due to the existence 
of an IR effective superpotential Weff{S). This leads to A^^^ isolated and degenerate vacua 

labeled by the value of the condensate in each, {S)\k = e^'^^^Nc ^qcd^ k = 0, ■ ■ ■ , Nc — 1. 
The coefficient Ac is exactly calculable by instanton methods . 



3. (3-function: The (so-called NSVZ) /3-function can be computed to all orders in pertur- 



bation theory resulting in a remarkably simple expression 112 



(iNSVz{gYM) = • ^ ^ ^ 

4. Confinement and screening of magnetic monopoles: A linear quark-antiquark potential 
appears in the IR. A nice mechanism that is usually advocated to implement quark confine- 
ment is the vortex formation in an Abelian Higgs model where the scalar field comes from 
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a magnetic monopole chiral field that condenses. Indeed, the monopole-antimonopole poten- 
tial can be computed and it can be checked that, instead of being confined, monopoles are 
screened. 

5. Confining strings: Confinement occurs when chromoelectric flux cannot spread out in 
space over regions larger than AqJ^.^ in radius and hence forms flux tubes. The tension of these 
confining strings depends on the n-ality of the representation under SU{Nc) of the sources for 
the flux at either end of the tube. This tension has been computed in several supersymmetric 
approximations to QCD as well as in the lattice. 

6. Domain walls: Due to the appearance of Nc isolated and degenerate vacua, BPS domain 
walls (invariant under some supersymmetry transformations) should exist interpolating be- 
tween any two such vacua. Flat domain walls preserve ^ of the supersymmetries |]50[. Being 
BPS objects, one can compute a quantum mechanically exact formula for the tension of the 
wall separating the n-th and the n + k-th vacua, 

^ Nc^QCD . kn 

Since + > T^_,_^, it is clear that these domain walls tend to form a bound state. The 
gluing particles that carry the attractive interactions are the previously alluded glueballs. 

7. Wilson loops: Wilson loops can be used to calculate the quark anti-quark potential and 
determine whether a theory is confining or not. They are given by the following expression: 

W[C] = ^Tr P e^^^ , (1.18) 

where C is some contour. If we take the contour C to be a rectangle (the quarks being a 
distance L apart and the rectangle extending for a time T) we can read off the quark anti- 
quark potential E{L) in the infinite strip limit, T ^ oo, via 

< W[C] >= A{L) e-^^(^) . (1.19) 

It will turn out that the calculation of the Wilson loop is simple in the context of the 
gauge/gravity duality, and a formula will be derived that determines whether a dual su- 
pergravity background is confining or not in terms of just two components of the metric. 

8. Instantons: As mentioned above, instantons are responsible for the symmetry breaking 
U{1)r '^2Nc in A/" = 1 supersymmetric Yang-Mills theory. They are characterized by a 
value of the Euclidean action ^ 

Sinst = ^^+i9YM . (1.20) 

9. Finite temperature effects: Interesting phenomena arise when the system has nonzero 
temperature. Thermodynamical properties of A/" = 1 supersymmetric Yang-Mills theory 
include an expected hydrodynamical behaviour near equilibrium. In this context, transport 
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properties such as the shear viscosity, rj, can be studied. Of particular interest is the ratio 
of 7] and the entropy density s of the associated plasma. In several supersymmetric gauge 
theories, this ratio has a universal value of 

10. Adding flavors: The theory of QCD has quarks. In this sense, the addition of dynamical 
quarks into our analysis is clearly relevant. In particular, the introduction of flavors leads to 
composite states as mesons and hadrons, whose spectrum is an important observable. 

This list does not exhaust at all the plethora of non-perturbative phenomena of interest. 
For example, the mass spectrum of composite objects entirely built out of gluons -known as 
glueballs- is an interesting observable in the physics of confinement. 

= Gauge Theory: Where we started from. Where we should eventually come back at 
low energies. Non-perturbative physics is hard to tackle analytically. It is, however, possible 
to study non-supersymmetric gauge theories by considering supersymmetric systems in higher 
dimensions and breaking supersymmetry upon compactification. An interesting case is given 
by a five dimensional theory compactified on a circle with antiperiodic boundary conditions 
for the fermionic fields [ [I41| . 

It is also possible to turn on a marginal deformation in the A/" = 4 theory that renders it less 
supersymmetric in the IR. In particular, this provides a window to study non-supersymmetric 



theories of a particular kind known as defect conformal field theories |]T4|, There are 

moreover the so-called A/" = 2* or = 1*, which are softly broken A/" = 4 theories. We 
mention them for completeness even though we will not say anything else about these theories. 
Interested readers should take a look, for example, at |p.l8| . 



1.7 The Large limit of Supersymmetric Gauge Theory 

The large Nc string duals of many of these theories have been discovered in the last few years. 
These lectures will be devoted to dig deeper in this subject but let us end this section by giving 
a brief outline of what is coming. The best understood case is, by far. A/" = 4 super Yang-Mills 



theory in four dimensions, whose dual is type IIB superstring theory on AdS^ x 5*^ ||102| , |67| , |140 
The (conformal) gauge theory is realized on the world-volume of fiat D3-branes. It is also worth 
mentioning that there is an interesting limit of this system whose study was extremely fruitful. 
From the gauge theory point of view, it consists in focusing on a sector of the theory given by states 
with large angular momentum, while on the string theory side it amounts to taking the Penrose 



hmit ||116| , [26[| which leads to type IIB superstring theory on a so called pp-wave background [|16] . 



This conjectured duality was also extended to theories with sixteen supercharges that correspond 



to the low-energy dynamics of fiat Dp-branes, p ^ S |^5|. These are, in general, non-conformal, 
and the gravity/gauge theory correspondence provides a powerful tool to study the phase structure 
of the resulting RG flows [^. We will discuss some aspects of these duals in the upcoming lecture. 

After Maldacena's proposal, an impressive amount of work was undertaken that allowed to 
understand how to extend these ideas to a variety of systems with the aim of eventually arriving some 
day to QCD itself. In particular, analogue results were obtained in the context of topological strings 



(these are given by topologically twisted sigma models | 137 |; we will explain more on the topological 
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twist in lecture III). Let us state some of these results with the hope that they will become clear by 
the end of this set of lectures (a prudent person might prefer to avoid the following two paragraphs 
in a first reading of the manuscript). The so-called A- model topological string in the background 
of the resolved conifold, for example, is dual to 3d Chern-Simons gauge theory on ||6^, |114| , p8 



There is also a mirrored (that is, mapped under mirror symmetry) version of this: the B-model 



topological string on local Calabi-Yau threefolds being dual to a holomorphic matrix model 
Now, topological string amplitudes are known to compute F-terms in related A/" = 1 gauge/string 
theories [|114| , p!8| . This allowed Vafa [|136|| to conjecture that A/" = 1 supersymmetric Yang-Mills 
theory in four dimensions must be dual to either type IIA superstrings on 0{—l) + 0{—l) —>■ ¥^ with 
RR fluxes through the exceptional or, passing through the looking glass, to type IIB superstrings 
on the deformed conifold with RR fluxes threading the blown-up S^. The type IIA scenario can 
be uplifted to M-theory on a manifold with G2 holonomy, where it was found that both sides of 
the duality are smoothly connected through a geometric transition called the flop In type 

IIB, instead, an interesting setup was developed by Maldacena and Nunez ||106|| by studying D5- 
branes wrapped on a supersymmetric 2-cycle in a local Calabi-Yau manifold. This opened the 
route to the study of a huge family of theories that can be obtained from Dp-branes wrapped on 
supersymmetric cycles of special holonomy manifolds. We will attempt to clarify some of these 
claims in the following lectures. 

Finally, another kind of theories where Maldacena's conjecture was successfully applied are 
constructed on D3-branes placed at the apex of Calabi-Yau cones |^2|, |108|| as well as by considering 
orbifolds of type II theories. We will discuss in some detail the former case (see lecture IV), whose 
interest was recently revived after the discovery of an infinite family of metrics corresponding to 
Calabi-Yau cones on Sasaki-Einstein manifolds labeled by a set of coprime integers Y^''^ ||108|| , as well 



as L"'^''^. These theories are superconformal in four dimensions. We will also introduce fractional 
branes which are responsible for destroying conformal invariance, and discuss several interesting 
non-perturbative physical phenomena arising in these scenarios. Most notably, the appearance of 
duality cascades in quiver supersymmetric gauge theories (see [|132| for a recent review). 
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2. Lecture II: AdS/CFT Correspondence 



The AdS/CFT correspondence establishes that there is a complete equivalence between A/" = 4 
super Yang-Mills theory and type IIB string theory on AdS^ x 5*^ ||102| , |6^ , |140|| . There is by now 
an impressive amount of evidence supporting this assertion (see for a review). A quick attempt 
to motivate the subject would start by considering a stack of Nc flat parallel D3-branes. This 
configuration preserves sixteen supercharges. The spectrum of massless open string states whose 
endpoints are located on the D3-branes is, at low energies, that of A/" = 4 U{Nc) super Yang-Mills 
theory in four dimensions, whose main features will be shortly addressed later on this lecture. On 
the other hand, from the closed string theory point of view, these D3-branes source some fields that 
satisfy the field equations of type IIB supergravity ^. The solution reads, in the string frame. 



ds'^ = H^^dxl^ + Hi {dr^ + r^dn 



5) 5 



(2.1) 



const , (2-2) 

F[5] = (1 + *) dH^^ A dx^ A dx^ A dx'^ A dx^ , (2.3) 

where dfl^ is the round metric on S^, -k stands for the Hodge dual, and is a harmonic function 
of the transverse coordinates 



a 



l2 



1 + Ang^N,— . 



(2.4) 



The idea now is to realize that it is possible to decouple the open and closed string massive modes 
by taking the limit a' ^ 0. As the Planck length is given by /p = g^^a' and gs is constant, we see 
that this limit also decouples the open/closed interactions, Ip — > 0. An important point is that the 
Yang-Mills coupling, gyM^ remains finite. 



9ym 



Angs 



(2.5) 



in the low energy effective action. The limit a' — leads, in the string theory side, to type IIB 
supergravity. The right limiting procedure also involves a near-horizon limit, r — 0, such that 



U = — = fixed 
a' 







(2.6) 



where we would like the reader to notice that U has dimensions of energy. Performing such a limit 
in the supergravity solution (|2.1|), we obtain 



ds^ 



a 



a' 
L2 



dx\ 3 + 



a' [/2 



dU^ + dQl 



where we have introduced the characteristic scale parameter L, 

= AngsN^a'^ . 



^We collect some useful formulas of type IIB supergravity in Appendix B. 



(2.7) 



(2.8) 
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It is not difficult to cfieck tfiat tfie metric above corresponds to tlie direct product of AdS^ x witfi 
botfi spaces fiaving tfie same radius, L, and opposite constant curvature, 7?. ~ ± L~^. The dilaton is 
also constant. If we take the limit Qs ^ 0, Nc ^ oo with QgNc constant and large enough, wc sec that 
L is also large and the type IIB supergravity description is perfectly valid for any value of U. Let us 
finally notice that the curvature and the 't Hooft coupling are inversely proportional, a'TZ ~ A^^/^. 
This means that the gauge theory description and the string/gravity one are complementary and do 
not overlap. The AdS/CFT correspondence is an example of a strong/weak coupling duahty. That 
is, the system is well described by A/" = 4 U{Nc) super Yang-Mills theory for small values of the 
't Hooft coupling while it is better described by type IIB string/gravity theory whenever A gets 
large. In spite of the fact that this issue makes it extremely hard to prove or disprove the AdS/CFT 
correspondence, there are several quantities that are known to be independent of the coupling and 
whose computation using both descriptions coincides. 

There are arguments that will not be discussed in these lectures pointing towards the fact that 
the Maldaccna conjecture might be stronger than what we have presented here. We might state 
three different versions of the conjecture which, in increasing level of conservatism, can be named 
as the strong, the mild and the weak. They are described in Table 1, where the appropriate limits 
that are assumed on the parameters of the theory are also mentioned. 



Gravity side 


Gauge Theory side 




Type IIB string theory 


AT = 4 SU{Nc) super 




on AdS5 X 


Yang-Mills theory 


Strong 




ygvM, Yc 




Classical type IIB strings 


't Hooft large Nc limit of 




on AdS5 X 


M = 4 SU{Nc) SYM 


Mild 


gs 0, L'^/a' fixed 


Yc ^ oo , A = gyM^c fixed 




Classical type IIB supergravity 


Large 't Hooft coupling limit 




on AdS5 X 


of = 4 SUiNc) SYM 


Weak 


gs 0, L^/a' oo 


Yc — > oo , A ^ oo 





Table 1: Three versions of the Maldacena conjecture: the strong, the mild and the weak. 

Let us briefly discuss some basic aspects of the conjecture that will be important in the rest of 
the lectures. We start by presenting the basics oi — A supersymmetric Yang-Mills theory. 

2.1 J\f — 4: Supersymmetric Yang— Mills Theory 

Four dimensional J\f — A supersymmetric theory is special in that it has a unique superfield in 
a given representation of the gauge group. Let us take it to be the adjoint representation. The 
field content of the supermultiplet consists of a vector field ^4^, six scalars (p^ I — 1, ...,6, and four 
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fermions xL? X^ai where a and a are chiral indices while i = 1, 2, 3, 4 and i are in the 4 and 4 of 
the i?-symmetry group SU{4) = S0{6). It is a global internal symmetry of A/" = 4 supersymmetric 
Yang-Mills theory. The supercharges also belong to these representations of S0{6). Notice that 
it acts as a chiral symmetry. The Lagrangian contains two parameters, the coupling constant qym 
and the theta angle Oym, 



Cj^=4 = Tr 



2— (fa^F+ {D^f + (j^'A + 9ym FAF 

9ym V r 7 / 



IJ 

^ Tr[x^X + XrVx] • (2.9) 



9ym 



The theory is scale invariant quantum mechanically. Indeed, just by counting the degrees of freedom 
of the supermultiplet, it is immediate to see that the /5-function is zero to all orders. Thus, 
it is conformal invariant. This gives raise to sixteen conformal supercharges (in any conformal 
theory, the supersymmetries are doubled). The theory is maximally supersymmetric. It displays a 
(strong/weak) S-duality under which the complexified coupling constant 

9ym Ani 

tym = — h — — , (2.10) 

transforms into —1/tym- This combines with shifts in 6ym to complete the group SL{2, Z). As we 
saw in ( |2.5|) , there is a relation between the Yang-Mills coupling, on the gauge theory side, and the 
string coupling. This relation has to be supplemented by another one that links the 6'-angle with 
the vacuum expectation value of the RR scalar x, 

9ym = 2nx , (2.11) 

such that the SL(2, Z) symmetry is clearly connected with the usual S-duality symmetry in type 
IIB string theory. 

2.2 Symmetries and Isometries 

The AdS:^ factor can be thought of, after a simple change of variables to adimensional coordinates 
U = and dxl 3 ^ dxf 3, as a warped codimension one 4d Minkowski space -this actu- 

ally guarantees the Poincare invariance of the gauge theory, as reflected in the appearance of a 
Minkowskian 4d factor-, whose line element reads 

ds^ = L\dr^ + e^'dxl^) . (2.12) 

The limit where the radial coordinate goes to infinity, r — >■ cxd, and the exponential factor blows 
up is called the boundary of AdS^. String theory excitations extend all the way to the boundary 



where the dual gauge theory is interpreted to live |2^. When this space is written as a hypersurface 
embedded in M^'^, 

-wl-wl + xl + xl + xl + xl = -L"^ ; (2.13) 
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it is manifest that it possesses an 5*0(2,4) isometry group. The remaining factor of the back- 
ground provides an extra 5*0(6) isometry. Now, it is not a coincidence that 5*0(2, 4) is the conformal 
group in 4d, while 5*0(6) ~ 5*f/(4) is exactly the i?-symmetry group of A/" = 4 supersymmetric 
Yang-Mills theory. The bosonic global symmetries match perfectly. There are also fermionic sym- 
metries which, together with the bosonic ones, form the supergroup P5*?7(2, 2|4). It is possible 
to verify that both the massless fields in string theory and the BPS operators of supersymmetric 
Yang-Mills theory, whose precise matching is not discussed here, are classified in multiplets of this 
supergroup ||140|| . 



2.3 Correlators 

Consider a free massive scalar field propagating in AdSr,. Its equation of motion is the Klein-Gordon 
equation, 

(□ + m=^)0 = O, (2.14) 
which has two linearly independent solutions that behave asymptotically as exponentials 

^ ^ e^^-^> , and ^ e-^' , (2.15) 

with A = 2 + \/4 + rrfiL'^. The first solution dominates near the boundary of the space while the 
second one is suppressed. Now consider a solution of the supergravity equations of motion whose 
asymptotic behavior is 

$i(r,x^) ~ ifii^x^") e^^^-^> , (2.16) 

where the x'^ are gauge theory coordinates living at the boundary. An operator Oi in the gauge 
theory is associated with fluctuations of its dual supergravity field (this identification is non-trivial). 
More precisely, the generating functional for correlators in the field theory is related to the type 
IIB string theory partition function by |140 



^string = ^ exp y d^X ip.O.^ ^ , (2.17) 



subject to the relevant boundary conditions ( p. 16 ). This is a deep and extremely relevant entry 



in the AdS/CFT dictionary. For most applications, we really have to deal with the saddle-point 
approximation of this formula, 

exp (-r,,g,,[<l>,]) ^ ^ exp y d^'x ip.oi^ ^ , (2.18) 

where Fgugral^i] is the supergravity action evaluated on the classical solution. It turns out that the 
operator Oi has conformal dimension Aj. This is a nontrivial prediction of AdS/CFT. The brief 
discussion here has only involved scalar fields. It naturally extends to all degrees of freedom in AdS^: 
this dictionary implies that for every gauge invariant operator in the gauge theory there exists a 
corresponding closed string field on AdS^ x 5*^ whose mass is related to the scaling dimension of 
the operator and vice- versa. We will comment in the last lecture on some additional features of the 
AdS / CFT correspondence that arise when studying the gravity duals of confining gauge theories. 
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= -o(^^r' - 1) da;° A • ■ ■ A (2.21) 



2.4 Theories with Sixteen Supercharges 

Consider now a stack of Nc flat Dp-branes. This conflguration preserves sixteen supercharges. The 
light open string spectrum is that of a U{Nc) super Yang-Mills theory in p+1 dimensions. We 
would thus expect maximally supersymmetric Yang-Mills theory in p+1 dimensions to be dual to 
type IIA/IIB string theory in the near horizon limit of the p-brane supergravity solution. This 
solution reads (in the string frame): 

ds^ = Hpdxlp + hI {dr^ + r^dnl_p) , (2.19) 

g-2(</.-0^) ^ ^ ^2.20) 

1 

2' 

where dQg_p is the round metric on 5**^"^ and Hp is a harmonic function of the transverse coordinates 

Hp = l + 2^-%^^.iV. r ^ . (2.22) 

There are however new problems as soon as we abandon p = 3. In order to generalize the Maldacena 
correspondence, we should keep in mind that it is necessary to decouple both the open and closed 
string massive modes (that is, a' 0) as well as the open/closed interactions (correspondingly, the 
Planck length Ip = a' —* 0), while maintaining a flnite Qym^ 

g'y^ = {2nY-'g,ia'y-^ , (2.23) 

in the low energy effective action. (We will derive this relation by the end of the present lecture.) 
The latter condition implies that gs ~ {a')^~ in the fleld theory limit which, combined with 
the other requirements, forces the string coupling to diverge for p > 3. Moreover, plugging this 
expression into the condition on the Planck length, we get Ip ~ (a')~8~ — >• as a' ^ 0. Thus, 
we should restrict our attention to p < 7. Naively, we would conclude that the decoupling is not 
possible for Dp-branes with p > 7 and the dual strong coupling description is needed for D4, D5 
and D6-branes. However, the situation is more subtle than this due to the fact that the string 
coupling depends on the radial variable. Indeed, the near-horizon limit, 

U = — = flxed , r, a' ^ , (2.24) 
a' 

of the supergravity solution ( |2.19|) -( p.21| ) corresponding to Nc Dp-branes reads 



ds = a' 



(2.25) 



3-p 

4 



(2vr)--^^M('^^^^)' , (2.26) 
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where 



7 — p 



2 



) 



From the field theory point of view, U is an energy scale. The near horizon limit of Dp-brane 
solutions has non-constant curvature for p ^ 3, 



We have introduced in this equation a dimensionless coupling, g'^jj- ~ gyM^cU^'^ , which is partic- 
ularly useful as long as the Yang-Mills coupling is dimensionful for gauge theories in dimensions 
other than four. It is proportional to the inverse of the curvature, which means that the gauge 
theory description and the string/gravity one are complementary and do not apply at the same 
energy scale. Notice that the dilaton is not constant either, so the ranges of validity of the various 
descriptions become more complicated here. The decoupling limit does not work so cleanly. The 
supergravity solution is valid in regions where a'TZ <C 1 and e''^ -C 1. These conditions result to be 
energy dependent. In particular, we see that for p < 3 the effective coupling is small at large U and 
the theory becomes UV free. Instead, for p > 3 the situation is the opposite, the effecting coupling 
increases at high energies and we have to move to the dual string/gravity description. This reflects 
the fact that for p > 3 supersymmetric Yang-Mills theories are non-renormalizable and hence, at 
short distances, new degrees of freedom appear ||85[| . 

The isometry group of the resulting metric is ISO{l,p) x S0(9 — p) for p ^ 3. There is 
no AdS factor, something that reflects the fact that the dual supersymmetric theories are not 
conformally invariant. Again, there is a matching of symmetries at work. The ISO{l,p) factor 
clearly corresponds to the Poincare symmetry of the supersymmetric Yang-Mills theory, while 
5*0(9 — p) is the i?-symmetry. It is an i?-symmetry since spinors and scalars on the worldvolume 
of the Dp-brane transform respectively as spinors and a vector in the directions transverse to the 
brane; hence, under 50(9 — p). Let us consider a couple of examples that will be useful in the 
following lectures. 

2.4.1 The case of Flat D5-branes 

In this subsection we use the formulas presented above to analyze the decoupling hmit, r, a' 0, 
for Nf. D5-branes. The Yang-Mills coupling has to be held fixed in this limit, gyM = {'^'^YQs and 
the resulting solution is 



We can see that there are different energy scales where the system is described in different ways. 
Perturbative super Yang-Mills is valid in the deep IR region. 




(2.27) 




{du^ + u^dnl) 



(2.28) 



(2.29) 




1 



(2.30) 
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Let us now consider what happens as we increase the energy. The conditions for supergravity to 
be a vahd approximation, namely that the curvature in string units and the string couphng remain 
small are: 

a' n^l and e*^ < 1 , (2.31) 
and we see that this happens within an energy window 

^ < QymU < ^/N'c ■ (2.32) 



c 



In this range of energies we can trust the type IIB D5-brane supergravity solution and it provides 
an appropriate description of the system. At higher energies, QymU ^ \/^, the string coupling 
becomes large and we need to perform an S-duality transformation to describe the system in terms of 
the supergravity solution corresponding to fiat NS5-branes. In particular, a' — ggo! — gyM/i'^^Y i 
and after S-duality is applied, the solution reads, 

ds" = dxlr, + a' (^dU^ + N^d^ll^ , (2.33) 

and the string coupling gets inverted. The curvature in string units of this solution, a'TZ ~ , is 
still small for large Nc and the supergravity solution is therefore valid. 

2.4.2 The case of Flat D6-branes 

After taking the decoupling limit for Nc D6-branes, while keeping as usual the Yang-Mills coupling 
fixed, gU^{27:Ygs{a'fl\ 



ds^ — a' 



^(27^)^ 


r2U\ 


. gvM ' 






el' 



9ym ( 
{2n) 



§y{du^ + u^dnl) 



gl^ / 2^ \ ^ 



2ti 

we see that the perturbative super Yang-Mills description is valid in the deep IR region. 



(2.34) 
(2.35) 



^e// = ^yMW«l ^ u<^—\-^. (2.36) 

For higher energies, the type IIA supergravity solution is valid to describe the system at energy 
scales in the interval 

1 N 

-T « C/ « ^ ■ (2.37) 

(^YM^c)3 g^M 

In the UV, that is for energies above U » Nc/gyM, the dilaton grows and the 11th dimensional circle 
opens up with radius RuiU) ^ If we have to uplift the IIA solution to M-theory. This uplift results 
in a purely gravitational background, the Ramond-Ramond potential (C'li])/* to which the D6-brane 
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couples magnetically lifts to the metric components g^^ , where \] denotes the 11th dimension. The 
actual solution in lid reads, after a change of variable of the form y'^ = 2NcgYMU / {'^t^Y, 



dsl^a = d^lfi + dy"^ + Z/^ [de"^ + sin^ ^d^"^ + cos^ Odcj)'^) , (2.38) 



where the angular variables are identified upon shifts 




thus describing an asymptotically locally Euclidean (ALE) space with an SU{Nc) singularity. This 
amounts to the fact that the metric in (|2.38| - p739D is written as a U{1) bundle over S'^ with 
monopole charge A^^^. An interesting point to keep in mind is that D6-branes provide a purely 
gravitational background as seen from eleven dimensional M-theory. The metric is locally flat, so 
that the curvature vanishes everywhere except at the singularities. At very large values of y (that is, 
in the far UV), the proper length of circles is of order Rdrcies ~ gvAiNc ^^'^JJ^I'^ while t]^^ = gl^^h'- 
an everywhere flat lid background as long as Rdrcies ^ /p^'* ^ f/ ^ -^jT- As a result of 



this, it is not necessary to be in the large Nc limit to trust that lid supergravity provides a good 
description in the UV. However, when a massive radial geodesic in the IIA near-horizon D6-brane 
background runs away from the small U region, it starts seeing the extra 11th dimension and the 
geometry becomes fiat, so that it can easily escape to infinity. Decoupling is spoiled. The proper 
description should then be the whole M-theory (and not just supergravity excitations) in the ALE 
space background. 

2.5 The D— brane world- volume action 

Let us end this lecture by rapidly mentioning some aspects of the world-volume low-energy descrip- 
tion of Dp-branes. We have already mentioned that the massless string states on a Dp-brane form 
the vector multiplet of a (p + l)-dimensional gauge theory with sixteen supercharges. Consider 
a single Dp-brane with world-volume A^p+i, whose coordinates are The bosonic part of its 
world-volume action is given by the sum of the Dirac-Born-Infeld part and the Wess-Zumino part 



where hats denote pull-backs of bulk fields onto the world-volume of the Dp-brane, C[g] are the RR 
potentials, and F is the world-volume gauge field strength. The tension of the Dp-brane is Tp, and 
the fact that the RR couplings are equal to the tension is telling us that these are BPS objects. Let 
us study the low-energy dynamics of this action. Consider the static gauge x° = ^'^ and = x^C,"^), 
which can always be fixed because of diffeomorphism invariance. The DEI action can be expanded 
at low energies in powers of a', 



9ym 




(2.40) 
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X <j 1 + ]p'^'>Gijd^x'd^x' + 1^ . (2.41) 



Now, plugging this expansion in to ( p.40| ), and using the exphcit solution ( |2.19|) - (|2.21|) , the action 
becomes 

+ r,j <F+'aH;'-l). (2.42) 

If we neglect a constant term, and define x^ = 27ra'$-'^, the action simplifies to 

Sdp = -Tp^^^ I (F^^x ^-da^'da^' + , (2.43) 

which is precisely the kinetic (bosonic) part of the (p+ l)-dimensional supersymmetric gauge theory 
action, after the identification 

where we have replaced the value of the tension of a Dp-brane, and this is the origin of eg. ( [^.23| ) 
which we used above. 

If we put Nc Dp-branes on top of each other, there are some difficulties and ambiguities in 
writing the corresponding world-volume action. However, all attempts that have been considered in 
the literature have resulted in the same low-energy dynamics: the natural extension of the formulas 
above to the non-Abelian case. 
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3. Lecture III: Reducing Supersymmetry and Breaking Conformal In- 
variance 

The scaling arguments behind decouphng gravity from gauge theories hving in D-branes do not 
rely on maximal supersymmetry. As such, one might be reasonably interested in generalizing the 
AdS/CFT correspondence to supersymmetric gauge theories with less than sixteen supercharges. 
In order to make contact with Nature, we need to reduce the number of supersymmetries and to 
spoil conformal invariance. 

We might proceed by deforming TV = 4 supersymmetric Yang-Mills theory by adding a relevant 
or marginal operator which breaks conformal invariance and supersymmetry, for example a mass 
term M or a superpotential term, into the action and exploring the corresponding deformation in 
the gravity dual. In this way, the theories would be conformal in the UV (asymptotically AdS 
configurations). In general, these scenarios lead to a RG invariant scale given by 

Aqcd ~ Me"^?^ , (3.1) 

which means that the decoupling can only be attained if we let M ^ oo together with A = Qym^c 
0, so that Aqcd is kept fixed. As A — 0, there is httle hope to apply this deformation method to 
study strongly coupled QCD via supergravity. The masses M of the unwanted degrees of freedom 
do not decouple from the theory before the strong-coupling phase is reached. We will not further 
discuss this line of thought and the interested reader should take a look at references p.l8|| . 

We will instead follow a different approach. We will engineer D-brane configurations of type II 
string theory (or M-Theory) which accomplish one or both of the following features: 

• reduce supersymmetry by considering an appropriate closed string background known to pre- 
serve a specific fraction of the supersymmetries of fiat space or 

• break conformal symmetry by engineering particular configurations of D-branes in the above 
closed string backgrounds. 

Roughly speaking, what we need is to modify the flatness of the D-branes, the flatness of the target 
spaces, or both simultaneously. 

3.1 Closed String Backgrounds with Reduced Supersymmetry 

Consider a bosonic background. We say that it is supersymmetric or that it preserves supersymme- 
try if it is invariant under supersymmetry transformations with spinor parameter e. The number 
of linearly independent solutions for e determines the amount of supersymmetry it preserves. We 
are therefore looking for a supersymmetric parameter e that fullfils 

6, ^tlsoi ^ flsoi = , (3.2) 

^ floi ^blsoi = , (3.3) 
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for bosonic and fermionic (^&/) fields. For a bosonic solution the latter one is the non-trivial 
requirement. Indeed, it amounts to first order differential equations that the bosonic fields must 
obey, the so-called BPS equations. Among them, the transformation law of the gravitino, in the 
absence of RR fields, reads S^^^^ = D^e. Therefore, supersymmetric backgrounds are given by Ricci- 
flat manifolds with covariantly constant spinors (Ricci-flatncss arises as the integrability condition 
of the above transformation law set to zero). Let us assume the existence of one such spinor e 
and consider its parallel transport along closed curves of the manifold. All matrices M e SO{d) 
relating e before and after the parallel transport along the loop define a group, the holonomy group, 
which can be shown to be independent of the base point. In order to leave the spinor unchanged, 
the holonomy group H of the manifold must admit an invariant subspacc, and must therefore be 
a proper subgroup of SO{d). This means that a generic manifold, with holonomy group SO{d), 
breaks supersymmetry fully. Therefore, in order to preserve some supersymmetry, a d-dimensional 
manifold must have a holonomy group H, such that the group of rotations SO{d), must admit at 
least one singlet under the decomposition of its spinor representation in irreducible representations 
of H G SO{d). Such a manifold is called a reduced or special holonomy manifold. For any of these 
manifolds, we can construct closed forms of various degrees, 

a;„ = ^ eri^...i„e dx'' A.-.Adx''^ , (3.4) 

out of the covariantly constant spinor. However, just a few values of n are such that ujn ^ in a 
non-trivial cohomology class, and their corresponding homology n-cycles are therefore non-trivial. 
The list of all possible special holonomy Riemannian manifolds and their corresponding non-trivial 
closed forms is summarized in Table 2. 



dim Holonomy group Fraction of SUSY Forms 



4 


SU(2) 


1 

2 


UJ2 


6 


SU(3) 


1 

4 




7 


G2 


1 

8 


0^3, 0^4 


8 


SU(2) X SU(2) 


1 

4 


0^2, W4,^^6 


8 


Sp(2) 


3 
16 


0^2, W4,^^6 


8 


SU(4) 


1 

8 


0^2, W4,^^6 


8 


Spin(7) 


1 

16 


0^4 


10 


SU(3) X SU(2) 


1 

16 


a;2,a;3,a;4,a;6,a;8 


10 


SU(5) 


1 

16 


a;2,a;4,a;5,a;6, ^8 



Table 2: Manifolds with special holonomy, their dimensionality, holonomy group, the fraction of super- 
symmetry preserved when compactifying on them and the list of closed forms. 

The available possibilities are not exhausted by the listed special holonomy manifolds (which, 
as we will see later, include non-compact and even singular cases). It is also interesting to consider 
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orbifolds of type II theories, namely quotients of a part of space-time by a discrete symmetry. These 
spaces can be seen as geometrically singular points in the moduli space of Calabi-Yau manifolds, 
which however admit a sensible conformal field theory description in terms of perturbative strings. 
In particular, C^/F orbifolds, where F is a discrete subgroup of SU{2), preserve one half of the 
supersymmetries of flat space, while one quarter of the supercharges are preserved by C^/T orbifolds, 
where F C SU{3). Another closed string theory background that provides an interesting setup is 
given by parallel NS5 branes in flat space. This is a BPS configuration breaking one half of the 
supersymmetries. In these lectures, we will mainly focus on closed string backgrounds given by a 
special holonomy manifold. 

3.2 Removing Conformal Invar iance 

It is natural to ask at this point if it is possible to embed a D-brane in such a way that some of its 
directions span a submanifold of a special holonomy manifold while preserving some supersymmetry. 
There is a hint telling us that we should if we think of the D-brane as a fixed surfaces arising from 



orientifolding an oriented closed string theory |8^ . Nothing tells us within this framework that 
the D-branes' worldvolume has to be fiat. However, this may be puzzling at a first glance, because 
a curved worldvolume does not generally support a covariantly constant spinor. At first sight, due 



to the non-trivial spin connection a D-brane whose world-volume A4 extends along a curved 



manifold will not preserve any supersymmetry. 



d^ + lu;^]e^O. (3.5) 



2 

This is simply the old problem of writing a global supersymmetric gauge theory in curved space-time 



It was addressed by Witten long ago ||138|| , who introduced a subtle procedure called the topological 
twist by means of which the Lorentz group is combined with the (global) R-symmetry into a twisted 
Lorentz group. This affects the irreducible representations under which every field transforms. 
After the twist, supersymmetry is not realized in the standard form but it is partially twisted on 



the worldvolume theory of curved D-branes [0. It is important to notice that supersymmetries 
corresponding to flat directions of the D-branes are not twisted at all. Thus, we would like to 
explore the possibility of a higher dimensional D-brane with (3 + 1) non-compact dimensions and 
whose remaining directions wrap a curved submanifold within a special holonomy manifold. 

Not any submanifold admits wrapped D-branes preserving some supersymmetry. Submanifolds 
which do are called supersymmetric or calibrated cycles and are defined by the condition that 
the worldvolume theory is supersymmetric. In other words, a global supersymmetry transformation 
might be undone by a ^-transformation, which is a fermionic gauge symmetry of the worldvolume 
theory. Table 3 displays a list of these cycles in special holonomy manifolds. 

The low-energy dynamics of a collection of D-branes wrapping supersymmetric cycles is gov- 
erned, when the size of the cycle is taken to zero, by a lower dimensional supersymmetric gauge 
theory with less than sixteen supercharges. As discussed above, the non-trivial geometry of the 
worldvolume leads to a gauge theory in which supersymmetry is appropriately twisted. The amount 
of supersymmetry preserved has to do with the way in which the cycle is embedded in the higher 
dimensional space. When the number of branes is taken to be large, the near horizon limit of 
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dim 


SU{2) 


SU{?>) 


G2 


SU{A) 


Spin(7) 


2 


div./sLag 


holom. 




holom. 




3 




sLag 


assoc. 






4 




Hiv 

Lil V . 








5 


X 










6 


X 


manifold 




div. 




7 


X 


X 


manifold 






8 


X 


X 


X 


manifold 


manifold 



Table 3: Supersymmetric cycles in Manifolds with special holonomy. 

the corresponding supergravity solution provides a gravity dual of the field theory living on their 
world-volume. The gravitational description of the strong coupling regime of these gauge theories 
allows for a geometrical approach to the study of such important aspects of their infrared dynamics 
such as, for example, chiral symmetry breaking, gaugino condensation, domain walls, confinement 
and the existence of a mass gap. 

We have to engineer configurations of D-branes whose world- volume is, roughly speaking, topo- 
logically non-trivial. There are two ways of doing this: 

• D-branes wrapped on supersymmetric cycles of special holonomy manifolds. We will see that 
the non-trivial topology of the world-volume allows getting a scale-anomalous theory living 
at low energies on the flat part of the brane world- volume; 

• Fractional D-branes on orbifold or conifold backgrounds. These branes can be thought of as 
D-branes wrapped on cycles that, in the limit in which the Calabi-Yau manifold degenerates 
into a metrically singular space, result to be wrapped on shrinking cycles, effectively losing 
some world- volume directions and being stuck at the singularity of the background. 

Finally, another possibility involving NS5 branes consists in a stack of D-branes stretched 
between two sets of parallel NS5-branes. As a matter of fact, D-brane world-volumes can end on 
NS5-branes, and this causes the freezing of some of the moduh of the theory. As a result, the gauge 
theory living at low energies on the intersection of the D-branes and NS5-branes can acquire a 
scale anomaly. We will not discuss this scenario any further. 

3.3 The Topological Twist 

Consider a Dq-branc with worldvolume W living in a ten-dimensional space-time M. There are 
9 — q scalars corresponding to the fluctuations of the Dq-brane along directions transverse to W, 
which are interpreted as collective coordinates. The tangent space TM can be decomposed as 
TM — TW -|- A^w where Ayv is the normal bundle of W. Its dimension is precisely 9 — g and we 
can regard our transverse scalars to be sections of this bundle: the R-symmetry group SO {9 — q)R 
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of the world- volume gauge theory arises from the normal bundle A^>v. Consider now the theory on 
a Calabi-Yau n-fold, and denote a real d-dimensional cycle inside it as S^. 

Now, take q = p + d and take the D(p+d)-branes with p fiat spatial directions and d wrapped 
directions spanning the cycle S^. TW decomposes in two parts corresponding to the {p+1 dimen- 
sional) flat and the {d dimensional) wrapped directions on the world- volume of the D(p+d)-branes. 
Similarly, iV>v is naturally split into two parts, N-£^ (which is the normal bundle within the Calabi- 
Yau manifold) and the trivial transverse flat part. Correspondingly, the full Lorentz group gets 
broken as follows: 

50(1,9) ^ SO{l,p) X SO{d)^^ X S0{2n-d)R x 50(9-2^-^)^ . 

See, for example. Table 4. Now, the connection on A''^^ and the (spin) connection on are to 
be related. This amounts to picking SO{d)R C S0{2n — d)^ and implementing the identification 
SO{d)j:^ = SO{d)fi. What we actually identify is the Lorentz connection of the former with the 
gauge connection corresponding to the latter. This is a topological twist, since the behavior of all 
fields under Lorentz transformations, determined by their spin, gets changed by this identification 
iTOTl. 







SO(l,3) 


50(2) 


S2 


50(2)fl SO{2)r 












Directions 
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2 3 
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6 7 8 9 


D5-brane 
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X X 
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CY2 
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X X 


S2 






X 


X 





Table 4: A D5-brane wrapping a calibrated two cycle inside a Calabi-Yau two-fold and the splitting of 
the full Lorentz group (p = 3, d = 2, n = 2). 

The gravitino transformation law, in particular, is modified by the presence of the additional 
external gauge field coupled to the R-symmetry, and becomes 

(^d, + ^u^ + A^^e = , (3.6) 

which admits a solution. The twist schematically imposes = so that the condition that e 

should be covariantly constant boils down to e being a constant spinor and supersymmetry can be 
preserved. If we reduce along the resulting field content on the fiat M^'^ is a direct consequence 
of the twist: all fields with charges such that = will result in massless fields of the 

(p -|- l)-dimensional gauge theory. The resulting low-energy theory on is a gauge theory with 
no topological twist. 

It is clear from the analysis presented here how to realize what is the field content of a given 
configuration of D-branes wrapping supersymmetric cycles. But it is less clear how to obtain a 
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supergravity solution which includes the gravitational backreaction of the D-branes. The question 
we now want to answer is: How to perform the topological twist at the level of the supergravity 
solutions ?. 



3.4 The Uses of Gauged Supergravity 

There is a set of theories that have the right elements to do the job ||105|1 : lower dimensional 



gauged supergravities. These theories are obtained by Scherk-Schwarz reduction of lOd or lid 
supergravities after gauging the isometrics of the compactifying manifold. Let us illustrate the 
procedure in the case of D6-branes. We need an 8d theory of gauged supergravity to have enough 
room to place the D6-branes with a transverse coordinate. Luckily, Salam and Sezgin [|123|| have 



built such a theory, by Kaluza-Klein reduction of Cremmer-Julia-Scherk's lid supergravity on 5*^, 
and gauging its isometrics (which, as discussed above, give the R-symmetry of the gauge theory 
living on the branes). It will be enough for our discussion to consider a consistent truncation of 
the theory in which all the forms that come from the lid -F[4] are set to zero ^. We only have the 
metric g^^, the dilaton five scalars e S'L(3, R)/5'0(3), and an SU{2) gauge potential A\ The 
Lagrangian governing the dynamics in this sector reads 



'C. = \r- -/"{F;^? - \{P,^,f - \{d,<^f - V{^, LL) , (3.7) 
where e = det e°, is the Yang-Mills field strength and P^ij is a symmetric and traceless quantity 

PfMij + QtMij = md^5j^ - ea(3'yA'J^)L(3j , (3.8) 
Qfj,ij being the antisymmetric counterpart. The scalar potential can be written as 

V^($,LL) = ^e-2*(^r,,r^ - V) , (3.9) 

where 

= Li^L^pS"^ , T = 6ijT^ . (3.10) 
The supersymmetry transformation laws for the fermions are given by 

6,ij, = V,e + le*F;,f,(r/'^ - 105/1^^)6 (3.11) 

7^ ^i'ikJ^ ^'yT€ , 
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-ijk^ J- 7-' 



SeX^ = \ [P^.^3 + \kd,^^ T^T^e - -^e'^F.^.V^'^e (3.12) 



''The case in which some of the descendant of F[4] are turned on will not be considered in these lectures. The 
interested reader should take a look at |53, . 
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where we use, for the Chfford algebra, F'^ = x I, f* = 79 x a*, j"- are eight dimensional gamma 



matrices, 79 



27^7^ . . 
79 X I. 



•7^ 79 



1, and (T* are the Pauli matrices. It is also convenient to introduce 



3.4.1 Near Horizon of Flat D6— branes Revisited 

Let us now allow for a varying dilaton $ and one scalar ip G SL{3,M.)/ S0{3), and consider a 
domain wall ansatz that captures the symmetries of a system of flat (parallel) D6-branes placed at 
the origin p = 0, 

ds^ = e^f'^P^dxl^ + dp" . (3.13) 
The corresponding BPS equations, emerging from Seipfi = S^Xi = 0, are 

1 



$'(p) 



-e 



(3.14) 



6 ^ ' 



while the equations for / and e can be easily integrated with the result 



3 



iTqTre 



1$ 
es Co 



(3.15) 



(3.16) 



eo being a constant spinor. A single projection is imposed on the Killing spinor. Thus, as expected, 
one half of the supersymmetries are preserved. After a change of variables dp = e'^~'^'^dt, the BPS 
equations decouple and can be integrated: 



m = 4 



ip{t) 



eo) - 1] 



(3.17) 



(3.18) 



where to and ^0 are integration constants. If we perform a further change of variables e* = — a'^, 
with ^0 = — a^, and uplift the solution to eleven dimensions, by applying the formulas in Salam and 
Sezgin's paper ||123|| in reverse we obtain the form 

„2 



dsud 



1 

dx] a H -dr'^ + — 



+ 



1-- 



(3.19) 



where are the left invariant Maurer-Cartan SU (2) one-forms corresponding to (see Appendix 
A). Besides the 7d Minkowskian factor, we get the metric for a non-trivial asymptotically locally 
Euclidean (ALE) four manifold with a SU{2) x U{1) isometry group, namely the Eguchi-Hanson 
metric. This is precisely the well-known uplift of the near-horizon solution corresponding to D6- 
branes in type IIA supergravity. This is the solution whose physics was discussed above. 

This result extends quite naturally and the following statement can be made: domain wall 
solutions of gauged supergravities correspond to the near-horizon limit of D-brane configurations 
p9| . This provides the gravity dual description of the gauge theories living in their worldvolumes. 
However, we did not introduce lower dimensional gauged supergravities simply to reobtain known 
solutions. We shall now explore the uses of these theories to seek more involved solutions repre- 
senting wrapped D-branes. 
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3.5 D6— Branes Wrapping a sLag 3— cycle 

There is an entry in the table of special holonomy manifolds that tells us that there is a calibrated 
homology special Lagrangian (sLag) 3-cycle in a Calabi-Yau threefold where we can wrap D6- 
branes while maintaining supersymmetry. The configuration will actually have | x ^ x 32 = 4 
supercharges. 

From the point of view of the world-volume, the twist acts as follows. The fields on the D6- 
branes transform under 5*0(1, 6) x S0{3)r as (8, 2) for the fermions and (1, 3) for the scalars, while 
the gauge field is a singlet under i?-symmetry. When we wrap the D6-branes on a three-cycle, the 
symmetry group splits as 50(1, 3) x 50(3) x 5*0(3)^. The corresponding representation for fermions 
and scalars become, respectively, (4, 2, 2) and (1, 1, 3). The effect of the twist is to preserve those 
fields that are singlets under a diagonal S0{3)d built up from the last two factors. The gauge field 
survives (it remains singlet after the twist is applied) but the scalars are transformed into a vector 
since 1x3 = 3. So, we are left with a theory with no scalar fields in the infrared; besides, since 
2x2 = 1 + 3, one quarter of the supersymmetries, i.e. four supercharges, are preserved. This is 
the content of the vector multiplet in A/" = 1 supersymmetric gauge theory in four dimensions. 

Let us seek the corresponding supergravity solution. An ansatz that describes such a deforma- 



tion of the world-volume of the D6-branes is 53 



1 ^ 

ds^ = e^/Wt/x? 3 + ^e^'^W $^(w^T + dr^ , (3.20) 

i=l 

where are the left invariant one-forms corresponding to the S^. The twist is achieved by turning 
on the non-Abelian gauge field = — ^ ly^. It is easy to see that in this case we can get rid of 
the scalars = 5^ =^ Pij = , Qij = —eij^A^. By imposing the following projections on the 
supersymmetric parameter e: e = iTgYrt e = — Fjj e, 27^ j = 1,2, 3, which leave unbroken | 
of the original supersymmetries, that is, 4 supercharges, the first order BPS equations are, 

fir) = U'ir) = —e"-'^ + ^e"* , (3.21) 

h'{r) = ^-"^ + le-* . (3.22) 

When uplifted to eleven dimensions, the solution of the BPS equations reads dsl^^ = c^x^g + ds"^^, 
with 

- 77^''^^ + r2 tc^*)^ + C (' - S t [»■ - r'] ' . (3-23) 



after a convenient change of the radial variable |Q. It is pure metric, as advanced in the previous 
discussion. This is the metric of a G2 holonomy manifold [pl|, B3i which is topologically x 5^. 



The radial coordinate lies in the range p > a. Furthermore, close to p = a, 5^ retains finite volume 
while 5"^ shrinks to zero size. 
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Several importants comments are in order. ^ As we discussed before, the gauge coupling constant 
is related to the volume of the wrapped cycle, 



9ym Js^ 



^ [ VdetG , (3.24) 



where Gab is the induced metric. If we start to decrease the value of a, the geometry flows towards 
the singularity and, due to ( |3.24D , the gauge theory is flowing to the JR. This seems worrying because 



we would not trust this solution if we are forced to hit the singularity. However, remembering that 
A/" = 1 theories have no real scalar fields, we immediately realize that there must be a partner of 
the quantity above such that a complexified coupling arises. Clearly, we are talking about 9ym, 
that can be computed in terms of the three-form potential Cp] as 

Oym ~ ^ / ^3] ■ (3.25) 
Therefore, the singularity is really a point in a complex plane that can consequently be avoided. 



Atiyah, Maldacena and Vafa argued [|TT] that there is a flop (geometric, smooth) transition, the 
blown up being related to the gaugino condensate, where the gauge group disappears and the 
theory confines. 

The latter discussion opens an interesting avenue to think of gauge/gravity duality as the 
result of geometric transitions in string theory. This idea was put forward by Vafa ||136|| and further 



elaborated in several papers, beside [|ri[]. It is an important observation for many reasons. Most 



notably, there are supersymmetric gauge theories whose D-brane set up is under control while 
their gravity duals are extremely difficult to find. In these cases, the framework of geometric 
transitions might shed light, at least, into the holomorphic sector of the gauge/gravity duality. 
As an outstanding example, we would like to point out the case of A/" = 1 supersymmetric gauge 
theory with an arbitrary tree-level superpotential. The effective superpotential at low energies, as 
a function of the gluino condensate composite superfields, can be computed by means of applying 



geometric transitions [0, [54 



There are two very different quotients of this G2 manifold: a singular one by Z^r C U{1) C 
SU{2), and a non-singular quotient if one instead chooses Zn C U{1) C SU{2). They are pic- 
torically represented in Fig.^ The former results in an Ai^^i singularity fibered over so that, 
after Kaluza-Klein (KK) reduction along the circle corresponding to the U{1), one ends with 
D6-branes wrapped on a special Lagrangian in a Calabi-Yau three-fold. The latter, instead, as 
there are no fixed points, leads to a smooth manifold admitting no normalizable supergravity zero 
modes. Thus, M-theory on the latter manifold has no massless fields localized in the transverse 
four-dimensional spacetime. By a smooth interpolation between these manifolds, M-theory realizes 
the mass gap of M = 1 supersymmetric four-dimensional gauge theory. After KK reduction of the 

^The subject of M-theory on G2 manifolds is sufficiently vast and insightful as to be appropriately discussed in 
the present lectures. Some of the features that we discuss here have been originally presented in An exhaustive 
discussion of the dynamics of M-theory on these manifolds was carried out in |12| . The appearance of chiral fermions 
from singular G2 manifolds was also explored [^. Besides, there is a quite complete review on the subject whose 
reading we encourage. 
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smooth manifold one ends with a non-singular type IIA configuration (without D6-branes) on a 
space with the topology of C(— 1) + 1) — P^, and with N units of RR fiux through the finite 
radius S"^. 




Figure 3: The flop transition in the G2 manifold amounts to exchanging the role of the spheres. The 
action of Z^v^ C 5^ C is singular /regular on the left/right hand side of the upper figure. Corresponding 
quotients of the G G2 give a singular manifold (upper left) which is an ^at^-i singularity fibered over 
that, when KK reduced along the represents Nc D6-branes wrapping a sLag 3-cycle in the cotangent 
bundle T*S^ (middle left). RG flow towards the IR drives the system into the flop transition to a smooth 
G2 manifold (upper right) or, from the lOd point of view, the system undergoes a conifold transition 
such that D6-branes dissapear and are replaced by RR fluxes through the exceptional of the manifold 
0{-l) +0(-l) (middle right). There is a mirror version of this story, in type IIB string theory, 

where Nc D5-branes wrapping an holomorphic 2-cycle in 0{—l) + 0{—l) — > are dual to Nc fluxes 
through the sLag 3-cycle of the deformed conifold. 

The resulting geometry in eleven dimensions is asymptotically conical. As such, it can be seen 
as the uplift of the system of wrapped D6-branes for an infinite value of the string coupling. Remind 
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that the latter is related to the asymptotical value of the exponential of the dilaton which, in turn, is 
interpreted as the radius of the eleventh dimension. It should be possible to find a supergravity dual 
of this system with a finite radius circle at infinity, thus representing a string theory configuration 
at finite coupling. Indeed, a solution with the desired behaviour was found, and its uses in the 
context of the gauge/gravity duality were thoroughly studied pO[] . 



3.6 The Maldacena— Niinez setup 

There is an analogous setup in type IIB superstring theory that was proposed before the previous 



one by Maldacena and Nunez ||106|| . Roughly speaking, it can be thought of as the mirrored version 
of the type IIA scenario discussed before, as schematically displayed in Fig.|^. It is actually simpler to 
tackle the problem in type IIB because it lacks the subtleties related to world-sheet instantons that 
affect the calculus of A/" = 1 superpotential terms. Again, we might start by drawing attention to 
an entry in the table of special holonomy manifolds that says that there are holomorphic 2-cycles 
in a Calabi-Yau manifold where we can wrap D5-branes while preserving some supersymmetry. 
Recalling the discussion about fiat D5-branes, we can already see that this system will be similar 
to TV = 1 supersymmetric Yang-Mills theory in the IR but its UV completion will be given by a 
conformal 6d theory constructed on a stack of fiat NS5-branes. We will not discuss this point here. 

Consider a system of D5-branes wrapped on a supersymmetric 2-cycle inside a Calabi-Yau 
threefold. The _R-symmetry group is S0{4:)r = SU{2)i x SU{2)2. We need to choose an S0(2) 
subgroup in order to perform the twist and cancel the contribution of the spin connection in S'^. 
There are several options. The right twist to get Af = 1 supersymmetric Yang-Mills is performed by 
identifying SO{2)s2 and 5*0(2) C SU{2)i (notice that S0{2) C SU{2)2 is the same; other nontrivial 
options involve both SU{2) factors). We can mimic the arguments given in the previous section. 
The fields on the D5-branes transform under S0(l,5) x 50(4)^ = 50(1,5) x SU{2)i x SU{2)2 
as (4+,2) and (4~,2) for the fermions (the ± superscripts correspond to chirality), (1,4) for the 
scalars and the gauge field remains a singlet under i?-symmetry. When we wrap the D5-branes on 
a two-cycle, the symmetry group splits as 50(1, 3) x 5*0(2) x 5f/(2)i x 5f/(2)2. The corresponding 
representation for the fermions become (2, +1,2,1), (2,-1,2,1), (2, +1,1, 2) and (2,-1,1,2), 
while the scalars transform in the (1,0,2,2). The effect of the twist is to preserve those fields 
which are uncharged under the diagonal group 50(2)diag or, better, t/(l)diag- Again, they are 
exactly the field content of the vector multiplet in A/" = 1 supersymmetric gauge theory in four 
dimensions: the gauge field and the fermions transform under 5*0(1,3) x S0{2)d, respectively, in 
the (4, 1) and (2, +) © (2, — ) representations ^. 

It is possible to follow the same steps that we pursued in the case of the D6-brane. The 
supergravity solution shall appear as an appropriate domain wall solution of 7d gauged supergravity 
with the needed twist. There is however a subtlety: by turning on the U{1) gauge field corresponding 
to 50(2) C 5[/(2)i, we get a singular solution. We can turn on other components of the 5*f/(2) 
gauge fields by keeping their UV behavior, where the perturbative degrees of freedom used to discuss 
the topological twist are the relevant ones. This is a specific feature that, as we will see in the last 
lecture, can be mapped to an extremely important IR phenomenon of A/" = 1 supersymmetric gauge 



^As an exercise, the reader can attempt to perform the twist when SO{2)g2 is identified with the diagonal SU{2) 
built out from SU{2)i x SU{2)2- The result is the supermultiplet oi JV = 2 supersymmetric gauge theory. 



32 



theory: chiral symmetry breaking due to gaugino condensation. From the point of view of gauged 
supergravity, turning on other components of the SU (2) gauge field amounts to a generahzation of 
the twisting prescription that has been discussed in ||5^. We don't have time to comment on this 
point any further. 

Instead of deriving the so-called Maldacena-Niinez (MN) solution (which was actually originally 
obtained in a different context by Chamseddine and Volkov ||3^), we will just write it down following 
a notation that makes contact with the gauged supergravity approach. The gauge field is better 
presented in terms of the triplet of Maurer-Cartan 1-forms on 5*^ 



d9 



(72 = sinOdip , (T3 = cos 9dip , 



that obey the conditions dai 



2^ijkO'j A (Tj. It is given by: 



A' 



"2^3, 



(3.26) 



(3.27) 



where, for future use, we write the explicit dependence of a(p), 

a(p) = — . (3.28) 
sinh(2p) ^ ^ 

If we take a{p) to zero, the solution goes to the previously mentioned singular case (which is 
customarily called the Abelian MN solution). The string frame metric is 



ds 



str 



dxl 3 + gsNa' { dp' + e^^^p\al + a. 



w 



A 



i\2 



where 



,2h{p) 



pcoth(2p) — 



sinh^(2p) 



1 
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As expected, the solution has a running dilaton 

2$(p) _ sinh2p 



(3.29) 



(3.30) 



(3.31) 



2ehip) ' 

that behaves linearly at infinity. There is a RR 3-form flux sourced by the D5-branes whose explicit 
expression reads 

3 



'[3] 



gsNa' 



[w 



A^) A {w' - A') A {w^ -A^)-Y^ 



Aw' 



(3.32) 



where the physical radial distance is r = ^/gJNa'p and = dA^ + e^^^A^ A A^, and are left- 
invariant one- forms parameterizing S'^ (see the Appendix). If we perform the 7d gauged supergravity 
analysis, it becomes clear that we are left with four supercharges. We will use this supergravity 
solution in Lecture V and show how it encapsulates field theory physics. 

We wish to point out at this stage that several interesting scenarios involving D5-branes and 
NS5-branes wrapping supersymmetric cycles have been considered so far. Most notably, systems 
which are dual to pure Af = 2 supersymmetric gauge theories in four ^ and three |^ spacetime 
dimensions, as well as to A/" = 1 theories in 3d ||125|, 1041 . 
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3.7 Decoupling 

There are two issues of decoupling when considering wrapped Dp-branes. One is the decoupling of 
Kaluza-Klein modes on the wrapped cycle and the other is the decoupling of higher worldvolume 
modes from the field theory in the 'field theory limit'. 

Let us first consider the Kaluza-Klein modes. The mass scale associated with the Kaluza-Klein 
modes should be 

^ (3.33) 



Vol S„ 



where Eg is the g-cycle in the Calabi-Yau wrapped by the branes. There is no a priori reason to 
identify this cycle with any particular cycle in the dual (backreacted) geometry. When probed at 
energies above Akk the field theory will be p + 1 dimensional. These field theories typically have a 
positive /3-function so the dimensionless effective coupling will decrease as one decreases the energy 
scale. At energy scales comparable to Akk the field theory will become p — g + 1 dimensional; in the 
above we have considered p — g+l = 4in order to make contact with QCD-like theories and we will 
continue to do so in this section. We know from ( |1.7|) that the beta function is now negative, and 
the dimensionless effective coupling will increase until it hits the characteristic mass scale of the 
field theory generated through dimensional transmutation Aqcd (see Fig. 4). This is the scale at 



4d 



6d 



Energy 



Figure 4: A plot of the effective coupling and its dependence on energy for the MN setup. The Kaluza- 
Klein scale Mkk is the energy scale at which the wrapped dimensions become visible. Non-decoupling is 
the statement that ^^qcd is very close to Mkk- 



which nonperturbative effects in the field theory become significant, and the scale at which we wish 
to study the gravity dual. It can be shown that for the gravity duals involving wrapped branes, it 
is not possible to decouple the two scales Aqcd and Akk- This can be shown in two ways, either 
by assuming some relations between certain cycles within the gravitational background with the 
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initial cycle the D-branes wrap, as is often done in discussions of the Maldacena-Nunez background 
P3| , P5| or by assuming that the gravitational background should not contain a regime dual to a 
weakly coupled field theory The study of strong coupling field theory via gravity duals would 
therefore, on general grounds, be contaminated by KK modes. This issue would be overcome, of 
course, provided suitable sigma models for a string theory in these background were found and their 
quantization carried out. 

In spite of the precedent arguments, a further comment is in order at this point. In the context 
of supergravity duals corresponding to gauge theories with a global U{1) x f/(l) symmetry, it 
has been recently shown that it is possible to perform a /5-deformation (meaningly, an SL[2, Z) 
transformation in the r parameter of the corresponding torus in the gravity side) on both sides of 
the gauge/gravity duality [|100|] . In the particular case of the MN background, it has been argued 
that the resulting field theory is a dipole deformation of A/" = 1 supersymmetric Yang-Mills theory 
and that the deformation only affects the KK sector. It is then possible to render these states very 
massive, this possibly allowing to disentangle them from the dynamics []70| (see also p7|). 

Let us now turn to study the gravitational modes. Supersymmetric Yang-Mills is not the 
complete field theory that describes the Dp-brane dynamics. The question at hand is whether 
there exists a limit, compatible with the other limits, that can be taken such that other degrees of 
freedom can be decoupled. We will not describe the arguments discussed in and reviewed in 
|l69| here in detail, but just mention that in the case of wrapped D5 and D6-branes it is again not 
possible to decouple gravitational modes and little-string theory modes respectively from Aqcd- 

It is in a sense remarkable that, despite such problems with decoupling, dualities involving 
wrapped branes are able to reproduce so many features of A/" = 1 supersymmetric Yang-Mills 
theories. The study of /^-deformed systems opens an avenue to KK decoupling [|7^ which might 
provide a clue to puzzle out this conundrum. 
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4. Lecture IV: D-branes at Singularities 



In the previous lecture we introduced a framework to study the gravity dual of non-maximal super- 
symmetric gauge theories by wrapping Dp-branes, p > 3 on calibrated cycles of special holonomy 
manifolds. Among the difficulties posed by this approach, we have seen that decoupling is far from 
being as clear as it is for D3-branes. If we insist on keeping D3-branes and want to deform the 
background, the simplest case amounts to considering orbifolds. Take for example, C^/Z2, where 
Z2 leaves invariant six coordinates of spacetime and acts nontrivially on the last four ones. 



with 



+ ix^ and z^ 



X 



+ ix^. Now, take M^'^ 



5l,5 



(4.1) 

i^'^ X and consider how 



the action with the Z2 cyclic group affects the oscillators. Clearly, 



(4.2) 



We keep full control over perturbative string theory just by keeping states which are Z2-invariant. 
We now put flat D3-branes along the directions 0123. If a D3-brane is not at the origin of the 
transverse space, it is not invariant under the action of Z2. We need to introduce an accompanying 





orbifoid"~~~-~^ 


^^^"^ original D-brane 


singularity 




image D-brane 



Figure 5: D-branes in presence of orbifold singularities and their image. There are open strings whose 
end points are on the D3-brane, on its image, and on both. The resulting gauge group is U{\) x U{1) 

image to obtain a Z2-invariant state. Therefore, there will be open strings whose end points are 
placed only on the D3-brane, only on its image, and on both (see Fig.|^). Correspondingly, the 
massless spectrum of this orbifold is A/" = 2 supersymmetric U{1) x f/(l) with matter multiplets in 
the bifundamental representation with charges (+1, —1) and (—1, +1). Let us call them, in A/" = 1 
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notation, respectively Ai and Bi. They are both doublets under the flavor (global) symmetry group 
SU(2) X SU{2). These theories are called quiver theories and their field content is represented by 
diagrams such as Fig.^. The number of supersymmetries is compatible with the fact that C^/Z2 
orbifolds arise in the singular limit of K3. If we take the number of D3-branes to be Nc, the resulting 
theory will be A/" = 2 supersymmetric U{Nc) x U{N^ with matter multiplets in the bifundamental 
with charges {N^^N^ and {Nc,Nc). One can compute the one-loop /3-function and, given the fact 
that this theory has two M = 2 vector multiplets and two M = 2 matter hypermultiplets, it vanishes 
identically. The theory is conformal. 

Consider now a D3-brane which is placed at the origin. There is no need to introduce an image. 
Such a brane is constrained to remain at the origin and, as such, the corresponding representation 
of the orbifold group is one dimensional. There are two such representations, the trivial one and 
the sign. The states that survive correspond to a single Af = 2 vector multiplet: the scalars which 
parameterize the displacement away from the singularity and their superpartners are identically 
zero. In a sense, this is one half of the D3-brane which sits outside the origin. For this reason, 
it has been termed a fractional brane. It is immediate to see that its field content provides a 
nontrivial contribution to the /3-function. Thus, when introducing fractional branes, we are dealing 
with nonconformal field theories. 




Figure 6: The quiver diagram representing a SU{Nc) x SU{Nc) supersymmetric gauge theory with adjoint 
vector fields and chiral bifundamental multiplets in {Nc,Nc) and {Nc, Nc) representations. 

Let us make a couple of claims without discussing the details. It turns out that the orbifold 
singularity can be seen as the end of a shrinking process of a two cycle E: the inverse of a blowup. 
Indeed, a fractional brane can be interpreted as a D(p+2)-brane with two directions wrapping the 
exceptional cycle E in the orbifold limit, where its geometrical volume vanishes. This would lead to 
a problem with the tensions if it wasn't for the fact that the B[2] is such that b = J^, i? = 1/2 is its 
only nonvanishing component and it is responsible for keeping the tension finite. Further support 
to this interpretation comes from the fact that the fractional Dp-brane couples to both B^^, and 
C[p+3], as a D(p+2)-brane would do. 

We would like to discuss in greater detail a case in which we have A/" = 1 supersymmetry. In 
order to do this we first need to introduce the conifold. 

4.1 The Conifold 

4.1.1 The Singular Conifold 

The conifold, y^, is a six dimensional (three complex dimensions) Calabi-Yau cone. It can be most 
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easily introduced by considering its embedding in given by the quadric 



ye = J2 = ' z^ = x^ + ty^ . (4.3) 

A=l 

This is a smooth surface everywhere except at the point z"^ = (which is a double point singularity: 
3^6 = 0, dy^ = 0). Notice, moreover, that if z"^ G y^, then Xz"^ e D^g for any A G C. Thus, the 
surface is made up of complex lines through the origin and, therefore, it is a cone. The apex of the 
cone is precisely the point z^ = 0. The base of the cone, X^, is given by the intersection of the 
quadric with a sphere of radius p in C"^, 

4 

Wp = J2 \A^ = P^ ■ (4-4) 

A=l 

In terms of and y^, this gives the following equations: 

^ ^ 1 2 ^ ^ 1 2 - - 

X-X = -p , y.y=-p , x-y = . 

The first equation defines an while the other two define an S"^ fibered over S^. All such bundles 
are trivial, so the topology of the base of the cone is x S^. 
For some applications it is useful to define the matrix 

1 ^ f u z\ _ 1 f z^ + iz^ z^ — iz"^ 



^ = 7!" ''^={wv)^:J^yz' + ^z^ -z' + ^z^) ' ^^'^^ 

where a a = [ck, "^I)? cta: are the Pauli matrices. In terms of W the quadric above can be immediately 
rewritten as 

detW = uv - wz = . (4.6) 
Notice that the sphere (|4.4| ) can be cast in terms of W as 

Tr[W\W]=p'^. (4.7) 

The existence of a Ricci-flat Kahler metric on y^ implies that the base of the cone, X^, admits an 
Einstein metric. The simplest option (besides the trivial one given by S^), and the only one that 
was known until very recently, is A's = T^'^ whose Einstein metric is [E^ 



(2 \ 2 2 

di' + Y^ cos 9id(pA +^Y1 ^^^i + ^^^^ 
i=l / i=l 



a, 



(4. 



where < 0^ < vr, < 0j < 27r and < ip < Att. This is not the induced metric coming from 
the defining embedding in C'* (which is not, indeed, Ricci fiat). The isometry group of T^'^ is 
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SU{2) X SU{2) X f/(l). Moreover, the metric makes evident that T^'^ is a U{1) fibration over a 
Kahler-Einstein manifold, S"^ x S"^. It is compact and homogeneous, 

_ SUi2) X g[/(2) 

f/(l) • ^"-'^ 

The singular conifold (or simply conifold) metric is the metric of a cone over T^'^: 

We write in the Appendix a set of useful formulas that should clarify some of the computations in 
the remaining of this section. 

4.1.2 The Deformed Conifold 

How can we resolve the singularity at the apex?. The most natural way seems to add a non-vanishing 
r.h.s. to the quadric 

4 

yi^^Y.(zy = ^\ (4.11) 



A=l 



or, in terms of the matrix W, 



detW = uv -wz = -^fi^ . (4.12) 

This is the deformation of the conifold: at the apex, the remains finite while the S"^ shrinks. The 
appearance of /i 7^ breaks a U{1) invariance e^^z"^ to a discrete subgroup Z2. This will be 

interpreted as the realization of chiral symmetry breaking at the IR as seen from geometry. 

4.1.3 The Resolved Conifold 

Another way of getting rid of the singular point is by the standard blowup procedure. By definition, 
this amounts to considering the same manifold and replacing a point, in this case the apex of the 
cone, by a projective sphere. This is done as follows. Consider the defining equation for the conifold 
i WM - Now, replace this equation by 

: :) (a;) - ° ■ (^■") 

where Ai, A2 G C and they cannot both be zero. Only at the apex, A1/A2 is unconstrained, so one 
has an entire = 5^. This defines what is called the small resolution of the conifold: at the apex, 
S"^ is finite while shrinks. 

Ricci-fiat Kahler metrics on these manifolds, compatible with ds\{yQ) are known. They have 
the same asymptotics as the singular conifold and differ only in the region near the tip of the cone 
(the IR of the dual field theory). Both the metric of the conifold, as well as those of its resolution 
and its deformation, can be found by considering the uplift to eleven dimensions of D6-branes 



wrapping a 2-cycle in a Calabi-Yau manifold [53, 57 . 
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deformed 



singular 



resolved 



Figure 7: Different resolutions of the conifold correspond to either the (deformed) or the S*^ (resolved) 
being non-vanishing at the origin. The resolution parameter will appear as an additional parameter in the 
metrics for these two cases. 



Let us finally comment on the fact that this manifold is also called 0{—l) + 0{—l) P^. 
This means that it can be constructed by taking two copies of with coordinates (x, u, z) and 
{x',u\z')^ identifying z (respectively z') as the coordinate of the northern (southern) hemisphere 
of the P^, and finally gluing the two copies of with the identification: 

/ = - , x' = xz ^ u = uz . (4-14) 

4.2 The Klebanov-Witten setup (dual to A/" = 1, SU{N)xSU{N) superconformal Yang- 
Mills with bi-fundamental matter) 



Consider now the addition of a stack of flat D3-branes at the apex of the conifold. It is not difficult 



to write down the corresponding supergravity solution ||92 



ds\Q = h{r) ^dxi)^ + h{ry^ [dr^ + r^ds^i,i) , 



where 



h{r) = 1 + 



4:7!-gsN{a 



l\2 



(4.15) 



(4.16) 



as in the case of fiat D3-branes presented in section 2 and the Einstein metric on T^'^ is given in the 
appendix. Clearly, the near horizon limit of ( [4.15|) is just given by the direct product AdS^ x T^'^. 
This is a particular example of the more general statement that the gravity dual to the field theory 
living on D3-branes placed at a conifold singularity is AdS^ x X5, where X5 is the Einstein manifold 



which is the base of the cone . The AdS^ factor in the metric is telling us that the gauge theory 
has a conformal fixed point. The number of supersymmetries can be deduced from the holonomy 
of the background. It leads to four supercharges which are doubled by the presence of a conformal 
symmetry. 

In summary, the resulting theory is A/" = 1 superconformal gauge theory. The U{1) isometry 
corresponding to shifts in if) amounts to the R symmetry while the SU{2) x SU{2) isometry corre- 



sponds to a global flavor symmetry. If we look at the defining equation of the conifold (4^), we see 
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that this equation is automatically satisfied if we write 



u = AiBi , V = A2B2 , z = A1B2 , w = A2B1 . (4.17) 

The defining equation of the manifold is related to the moduli space of the gauge theory. Thus, the 
theory can be thought of as having constituents Ai and B^ (in presence of N D3-branes they have 
to be promoted to matrix- valued bifundamental chiral fields of the gauge group SU{N) x SU (N) 
transforming, respectively, in the (N, N) and (N, N) representations. Besides, Ai is a doublet of 
the first SU (2) (and a singlet of the second) and, conversely, Bi is the other way around. The dual 
superconformal gauge theory can be represented by a quiver diagram. The only ingredient that 
is still lacking is the superpotential. Taking into account the fact that the superpotential has R 
charge equal to two and it is a singlet under fiavor symmetries, it has to be of the form 

W = e'^e^^TrAiBkAjBi . (4.18) 

Indeed, the A^ and B^ fields have R charge equal to |, conformal dimension | and, respectively, 
baryon number equal to +1 and —1. 

4.3 Klebanov-Tseytlin solution (the UV of A/" = 1, SU{N + M) x SU{N) supersymmetric 
Yang— Mills theory with bi-fundamental matter) 

If we add fractional branes into the picture, conformal symmetry will be immediately spoiled. The 
solution to this system was originally developed in Refs. ^ . Let us consider a set up in which. 



in addition to the metric and a RR 5-form, we switch on the RR 3- form F3. We keep the metric 
ansatz 

dsl^ = h{r)-^dx^Y + /i(r)5 [dr^ + r^ds'^T^.i) , (4.19) 

where h{r) is now a function to be determined. In order to make an ansatz for F3, we can make 
use of the closed 3-form of the conifold 1^3 (see Appendix B). We can make the following ansatz, 

F3 = fws , (4.20) 

where / still has to be determined. We will fix / by means of the quantization condition corre- 
sponding to a stack of D5-branes. Taking ^F^''^ = F3, we have 

F3 = Air'^a' M , M e Z , (4.21) 

M being the number of D5-branes and the sphere which is given by the set of T^'^ with 62 = 
02 = 0. These D5-branes are wrapped on a (supersymmetric) 2-cycle and, thus, we are going to 
have D3-branes and M fractional D3-branes. From equations (f4.20| ) and ( |4.21| ), we get / = ^ce', 
and 

M 

Fs = —a' ws , (4.22) 
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First of all, it is clear that dF^ = is automatic. Since dF^ ^ 0, we must also switch on a NSNS 
3- form H-^ = dB. In order to construct the appropriate NSNS 2-form potential B, we make use of 
the closed 2-form of the conifold W2- Let us take 

B = T{r) W2 , Hi = T\r) drAw2 , (4.23) 

where T{r) is to be determined. Plugging in these expressions into dF^ = H3 A F^, we can write 
T(r) as 

{r^h'{r)y = -27MT'{r)a'gs . (4.24) 

Now, given that Fi = in this background, the dilaton equation of motion reads 

= I (e*F| - e~^Hi) . (4.25) 
Thus, for a constant dilaton = Qs, we must have 

g'sF^ = Hi . (4.26) 
From this equation we can derive an explicit expression for T'(r) such that 

3gsM SqsM , r , 

H3 = a drAw2 , B2 = log — a W2 ■ (4.27) 

2r 2 ro 

Then ^ 

H^AF^ = ^i^{a'f drAw2Aw3 . (4.28) 
4r 

Using Eq. ( [A.ll| ), we can readily see that 

= . (4.29) 

Using this solution for T'{r), we can compute h{r). A first integral of the equation above is easy to 
perform, 

81 

r^h'{r) = -yM2^,2(a')2logr + const . (4.30) 

This equation can be integrated to be 

81MV('^a2 /J I \ ^^^g^ 



2 V 16r4^ 

In the near-horizon limit we can drop the additive constant. Thus 

^(^) = [dsN + a{gM? log ^ + \{gsMf ] , (4.32) 

with a = It is convenient to define at this point 



Neff = N + —gM^\og- , (4.33) 
27r To 
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such that, for example, 



r^/i'(r) = -27iT{a'yg,N,ff , (4.34) 



and the RR 5-form becomes 

gsF^ = 27n{a'fgsNeffdVol{T^^^) + Hodgedual . (4.35) 
From this formula it can be deduced 

/ F, = {47T^a')^N,ff . (4.36) 

Notice that N^ff is a logarithmically running number of colors. 

4.3.1 The Running of Nejf and Seiberg Duality 

The gauge couplings of the two gauge groups are given by [^| 



1 1 1 1 



+ -2--I^e~-i B,--] , (4.37) 

9 1 92 9i 92 \Js2 2 



and we recall that we are considering a constant dilaton $. Equation ( [4.27|) then shows that 1/gf 



and l/g2 run logarithmically in different directions. If we think of the RG flow in the SU{N + M) x 
SU{N) theory, it is not difficult to see that there exists a scale (value of r, say, A^v+m) at which 
the gauge coupling corresponding to the first factor, gi, diverges. To go beyond this scale we must 
perform a Seiberg duality. This is an S-duality statement telling us that an A/" = 1 supersymmetric 
gauge theory with gauge group SU (Nc) and Nj fiavors, when strongly coupled, is dual to a weakly 
coupled SU{Nf — Nc) theory with Nf fiavors, provided |A^c < < 3A^c- Thus, at a scale given 
by An+m, given that A^, = + M and iV; = 2N for the first factor, SU{N + M) ^ SU{N - M) 
under Seiberg duality. The solution we presented above has a cascade of such dualities ^ 

SU{N + M) X SU{N) ^ SU{N) x SU{N - M) SU{N - M) x SU{N - 2M) ^ . . . (4.38) 

in which, at decreasing energy scales, the coupling of the first gauge group diverges, and we can 
think of performing a Seiberg duality on that factor. 

The cascade of Seiberg dualities is encoded in the supergravity background that we have pre- 
sented above in the logarithmic running of A"e// ([4.33|) . There becomes a point where the effective 



number of colors vanishes and the solution can be shown to be singular. The way to obtain a 
well behaved supergravity solution valid in the infrared was presented in |Q, and is related to the 



deformed conifold which we presented in section 4.1.2. We come to this point in what follows. 



^This point is exposed in this set of lectures avoiding some nice details. The reader may quench his/her thirst for 



a more accurate explanation on these topics in a masterly review written by Strassler |132] 
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4.4 The Klebanov-Strassler setup (dual to A/" = 1, SU{N + M) x SU{N) supersymmetric 
Yang-Mills theory with bi-fundamental matter) 

We would like to deform the conifold such that the RG flow leads to a duality cascade that ends at 
the IR. Let us consider an ansatz for the lOd line element similar to the ones above 



ds^ = h'^'^{T)dx\^ + h^'^{T)di 



(4.39) 



where now however ds^ is the metric of the deformed conifold (see the Appendix for further details), 



dsc, 



1 



_3K(r)2 



(rfr^ + (/)2) + sinh2(r/2)((^7Y + 



(4.40) 



the function K{t) being given by the following expression 

^^^^ _ (sinh2r-2r)^/3 

21/3 gj^]-^ ^ 

Notice that this function has a flnite nonvanishing limiting value when r goes to zero, 



lim K{t) 



1/3 



(4.41) 



(4.42) 



For this reason, it is clear that there is a S'^ (spanned by g^ and g'^) that shrinks to zero volume at 
r = while there is a flnite S^. 

This flnite presents one argument in favor of this idea. The divergence in the KT solution 
could be shown to arise from an inflnite energy density in F|, due to the fact that as the flux of F3 
through the 5*3 is constant and equal to M, when the S'^ collapses, F3 must diverge. A more rigorous 
justiflcation involves studying the moduli space of the fleld theory and showing that it is in fact 
given by the deformed conifold ( |4.12| ) when the nonperturbative contributions to the superpotential 
are considered 0. 

The derivation of the solution is involved and follows similar steps to the ones presented above 
for the KT case. The solution is more complicated and we present it now. 
The flelds are 



F3 
B 



d'^xAdh-^ + Hodge dual = ^ — -^-^£{T)g^A . . . Ag^ + Hodge dual 



Ma' 
2 

g,Ma' 
2 

gsMa' 



[{1 - F)g^Ag^Ag' + Fg^Ag^Ag' + F'drA{g^Ag' + g^Ag 
{f{r)g' A / + K{r)g' A g') 



drAif'g'Ag' + K'g^Ag') + ^{K - f)g'A{g'Ag' + g^Ag' 



(4.43) 
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The equations of motion can be solved and the above functions are found to be 

sinh T — T 



where 



F(r) 



fir) 



2 sinh r 




22/3a 


da; 


4 Jr 




T coth r — 




2 sinh r 




r coth T — 


h. 



, , , z"' "a I ' X coth X — 1 , . , ^ ^ M /9 

/i(t) = — — / dx 2 (sinh2a: - 2x)^/^ , 

sinh X 



1{t) = 2 (sinh2T - 2t) , (4.44) 

4 sinh T 



a = 4^,2^2(Q;')'e-'/'. (4.45) 



This solution has the same UV (large r) behavior as the KT solution presented above, but is 
non-singular in the IR (small r). 
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5. Lecture V: Nonperturbative phenomena as seen from super gravity 



Let us end these lectures by providing a summary of several nonperturbative phenomena in A/" = 1 
super symmetric gauge theory as seen from the supergravity side of the duality. We will go over 
those phenomena presented in lecture I and discuss the way this information is encoded in the dual 
supergravity description. We will mostly work within the framework given by the MN solution in 
type IIB. 

5.1 Chiral symmetry breaking 

Chiral symmetry breaking is the phenomenom by which the U{1)a mentioned in (|1.3|) gets broken 
to a discrete subgroup: 

U{1)a ^ . (5.1) 

In field theory this is known to be a UV effect caused by instantons. 

We know from probe brane analysis the specific relations between the gauge coupling and 6- 
angle in the gauge theory and supergravity fields. In the case of Nc D5-branes wrapping a two-cycle 
S inside a Calabi-Yau, they read: 



An 

9ym (27r/, 
6ym 1 



[ dPi e-*VdetG , (5.2) 

■s) 9s Jt. 

^2] , (5.3) 



27r i2-nlsYgs is 

where G and Cp] are space-time fields restricted to the cycle. The two-cycle is non-trivially em- 



bedded in the geometry [|23[. Using the formulas corresponding to the MN background, we can 
exphcitly compute 

^ {e''^^^ + (a(p) - 1)^) = ^ ptanhp , (5.4) 



9ym 47r ' ' -K 

TT ^0 , (5.5) 



2tx 27r 

where ipQ is an integration constant that, due to the embedding, gets fixed to or 27r. 

The f/(l) -R-symmetry in the gauge theory has to do with shifts in the angular variable tp 
in supergravity. At the UV, we can approach the solution by the Abelian (singular) one because 
a(p) when p oo. Then, using the value of Cp] in the Abelian solution, 

'¥ = W^icm-'^H- + ^M, (5.6) 

27r [2iilsYgs Jt. 27r 
which is clearly invariant under {9ym ^ Qym + 2'Kk) 
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Since an i?-symmetry transformation of parameter e changes the 6'-angle by 6ym (^ym — '^N^.e, 
it translates to ■i/' + 2e. This means that the remaining UV symmetry corresponds to ?7(1)_r — >■ 
'Z2Nc which is a well-known instanton effect in the gauge theory: this is nothing other than the 
chiral anomaly, a one-loop effect that is an UV phenomenon. The holographic dual of this feature 
is well understood [^. The value of 9ym in the complete solution tells us that Z2n^ Z2 in the 
IR, as can be seen, for example, in equation (|5.5| ). Notice that, in a sense, it is the non- vanishing 
value of a(p) which is somehow responsible for encoding the IR effects of the gauge theory dual. 
Let us discuss this aspect in greater detail in the following section. 

Before proceeding though, let us mention the effect in the gravity picture which is dual to 
chiral symmetry breaking in the field theory. This was first studied by |^ in the KS background. 



Fluctuations ^p ^ ^p + X about the U{1) isometric direction of the metric with coordinate ijj where 
described by a vector in terms of a vector field Ai. Even though the direction is an isometry, 
when taking into account the contribution from the RR potentials, it was found that the effective 
action for the fluctuation corresponds to the action of a massive (and gauge invariant) vector field 
Wi = Ai + diX. These fluctuations are dual to the chiral symmetry current, and hence the anomaly 
in the field theory arises as a Higgs' effect in the gravity dual. Correlators involving the chiral 
current in this picture were studied in [^, The effect was also studied in the IIA gravity 
duals and their M theory uplifts The subtlety in this context involves the fact that as already 
mentioned, the IIA gravity duals lift to pure geometry in M theory, therefore fluctuations dual to 
the chiral current can no longer be around a U{1) isometry. 

More on chiral symmetry breaking in the context of AdS / CFT as applied to confining theories 



can be found in 21, 22 



5.2 Gaugino Condensation 

We have seen that the supergravity solution nicely accounts for the chiral symmetry breaking 
phenomenon. The IR effects can be traced to the appearance of the function a(p) in the solution. 
In the gauge theory side we know that the IR breaking Z2n^ — >• Z2 is a consequence of gaugino 
condensation. Thus, it seems natural to identify < AA > with a{p) in a way that we would explore 
in what follows. Let us first give further arguments to support this claim. From the second order 
equation that is obeyed by the funcion a(p), 

we can extract the asymptotic behavior of the solution. Following the discussion in the original 
Maldacena's setup, we need the asymptotic value of a{p) for both linearly independent solutions, 

a{p) ad{p) = , and a(p) a^dip) = 2pe'^^ . (5.9) 

where the subindices mean, respectively, dominant and sub- dominant. The former is a normalizable 
solution while the latter is non- normalizable. If we blindly apply the AdS/CFT and holographic 
RG flow prescriptions, we can see that the dominant solution corresponds to the insertion of the 
operator < AA >. This is a mass term for the gaugino which breaks supersymmetry. In turn. 
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the sub-dominant solution -which actually corresponds to the behavior in the MN background-, 
is giving a vacuum expectation value to the operator < AA >. Thus, the gaugino condensate is 
related to a(p) 0. 

The gaugino condensate is a protected operator in the gauge theory, which is related to the 
dynamical scale via (Tr AA) ~ Aq(jj-). Notice that, due to this issue, the identification between a(p) 
and the gaugino condensate should be an exact equation. We still need to introduce the subtraction 
scale fi of the gauge theory. Taking into account mass units and the precedent arguments, it seems 
natural to identify |^ 

.,3 _ A 

^QCD ■ 

Namely, 



A"" a(p) = A5,cd . (5.10) 



jj,'^ smh 2p 

This relation gives implicitly the energy /radius relation between supergravity coordinates and gauge 
theory scales. A final comment is in order. The function a{p) is responsible for regularizing the 
otherwise singular Abelian MN background. It is interesting to point out that this relation between 
the last step of chiral symmetry breaking and space-time singularity resolution is also present in 



Klebanov-Strassler's setup [90|. There, gaugino condensation and chiral symmetry breaking arise 



as a consequence of the deformation of the conifold singularity. 
5.3 The Beta Function 

Recall the definition of the /3-function. It encodes the variation of the gauge coupling constant with 
energy, 

PisvM) = . (5.12) 

Taking into account the radial dependence of all quantities involved in this expression, we can write 

nf X dgvM dp 

Pigyu) = g . (5.13) 

Let us first use the asymptotic behavior, neglecting subleading exponential corrections. The leading 
contribution to the Yang-Mills coupling is linear, 

471- Nc 

-^-^p. (5.14) 



We therefore get: 



9ym 



dgvM _ vr _ N^gy^ 



dp VK 87r2 
On the other hand, we can compute from equation ( |5.13|) , 



dp 3 ly^Sf N^glu V' 



^QCD 
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where we used the asymptotic relation in the last step to trade p for gvM- Putting together these 
results, we obtain 



^ (i - , (5.17) 

which is the correct NSVZ /3-function at all-loops computed in the Pauli-Villars renormalization 
scheme for M = 1 supersymmetric Yang-Mills theory [ |1 1 2|| . 

We can now work out the calculation using the complete solution, this resulting in the following 



expression for the /3-function |110 



3iy^/ N^gyM , 2e-i6-V^-^^M 
^^'^'^^ = -^6^ 1^^ ' + 1 - e-^^-Wr.. ' • ^^-'^^ 

The last contribution seems to be originated in non-perturbative fractional instantons contributions 
to the running of the coupling. It is not yet understood what the origin of these configurations might 
be, and this formula for the /3-function is still under debate. ^ On the other hand, the result must 
be taken with care as it is unclear how to decouple the four-dimensional dynamics Kaluza-Klein 
modes on E within the region of validity of supergravity. 

5.4 Confinement and Screening of Magnetic Monopoles 

A fundamental charge is described by a fundamental string extended along one of the gauge theory 
directions, say, z. The quark-antiquark potential V^g, then, is given by its Euclidean Nambu-Goto 
action, 



^ j drda^/^detg^b , (5.19) 



where gab is the pull-back of the string frame metric on the worldvolume of the string. It is an 
immediate consequence of the form of the metric in the MN solution that the string will prefer to 
stretch out sitting at r = 0, where the value of e*^ is the least. Thus, 

The string tension does not vanish and the theory is confining. If the same computation is performed 
in the AdS^ x background, the result is zero, this reflecting the non-confining nature of A/" = 4 
SYM theory. We will discuss confining strings in more detail in the next section. Let us conclude 
the present one by computing the monopole-antimonopole potential. Magnetic monopole sources 
correspond to D3-branes wrapping S"^ and extending along the radial direction. The potential Vmm 
then corresponds to the energy of a D3-brane wrapping S"^ and extending along a gauge theory 



^In a recent paper |Q, by studying a family of deformations of the MN setup, it is suggested that the gravity 
computation is not trustable after an appropriate cut-off related to Auv? this implying that the full integration using 



the complete solution that gives raise to the expression (5. IS) is possibly meaningless 
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direction. The D3-brane worldvolume coordinates are (r, cr, 0, $) and the embedding into the 
background geometry reads t = t, x = a, 9 = Q, (p = ^, and r = r(cr). Then, 



Sng = 7; / dT da dQ a/ det(— 

zna' J 



da e2<^(^M) {e'^^^'^^^ + ^1 + a'<7.iV,(r'(a))2 . (5.21) 

But, as we have seen, the S"^ shrinks in the IR (r 0), this implying that the corresponding 
wrapped D3-branes become tensionless, 

T'mifb — ; (5.22) 
Magnetic monopoles are screened, not confined. 
5.5 Confining Strings 

Let us discuss in greater detail the tension of confining strings. The natural candidate for a confin- 
ing string in the gravity dual is a fundamental string. So we will study the energetics of k infinite 
fundamental strings extending in the "physical" spacetime directions in the gravity duals. Con- 
finement takes place at the IR, where the S"^ shrinks, and the geometry is essentially given by the 
blown-up times Minkowski four-space, which we called "physical" spacetime. The metric of the 
53 is 

ds% = c gsN^a' {dtp^ + sin^ ^{dO^ + sin^ Odcj)'^)) , (5.23) 

where c = 1 in the MN solution and c ~ .933 for KS. A salient feature of these solutions is the 
existence of Nc units of RR 3-form fiux through this S^, 

F[3] = dC[2] = 2Nca' sin^ ^ sin 6 dtljAdeAd(f) , (5.24) 

with ip G [0, vr] the azimuthal angle. Fundamental strings couple to the RR potential Cp] through 
the Wess-Zumino term in their action. This coupling causes the strings to expand into a D3-brane 
wrapped over an S"^ at fixed azimuthal angle ip on the via the so-called Myers' effect In 
fact, it is energetically favorable for the strings to expand in this way. The tension of the /c-strings 
(they are still strings as viewed from the "physical" spacetime) is given by the linear energy density 
of the brane: 

T ~ ^ c2 sin^ + (^^ - ^ sin 2^ - . (5.25) 

Minimizing with respect to ip, we obtain 

^-^ = ^sin2^. (5.26) 
Notice that c is either one or close to it. If c = 1, we get 



T, ~ sin ( — ) . (5.27) 
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This formula was first derived in this context in that appears in several field theory approaches 



to QCD as softly broken Af = 2 supersymmetric gauge theory |^ and MQCD []72|. Notice that 
it is invariant under the symmetry k Nc — k as required by charge conjugation symmetry. It is 
possible in the gravity dual to study finite length fc-strings, using the same method of probe branes 



f^^ , and derive finite- length corrections to the sine formula for the tension ( p.27| ) . Notice that this 



formula is also inaccurate in the KS setup. Furthermore, a deformation of the MN configuration 



has been considered very recently ||38| that somehow captures information of the KK sector, and 
it is rewarding to confirm that the sine formula does not hold, precisely matching the field theory 
expectations |^ . Finally, let us mention for completeness that confining strings were also discussed 



in the framework of M-theory in G2 manifolds p[ . 
5.6 Domain Walls 

In A/" = 1 SYM theory there are no central charges |7T|. Consequently, particles cannot be BPS 



saturated. However, if the Lorentz symmetry 5*0(3, 1) is broken as it would be, for example, in the 
case of domain walls (SYM theory does not have a central charge for the QCD string), a central 
extension might be induced upon compactification [^]. Thus, a BPS domain wall can be realized 
that interpolates two vacua with different values of a non-perturbative condensate (for example the 
gluino or the monopole/dyon condensate). In this perspective, a domain wall can be thought of 



as a sort of homogeneous distribution of baryon vertices connected by fundamental strings ||139 
Thus, we expect the domain wall to be an extended object where the confining strings can end, and 
given the association of the latter with the fundamental string, we can argue that a domain wall 
corresponds to a D5-brane wrapping [[139 



Another piece of evidence comes from the fact that these domain walls are known to be BPS 
objects preserving one half of the supersymmetries and, furthermore, the tension of these domain 
walls in the large limit scales differently to that of a soliton in an effective glueball theory. Thus, 
if k domain walls sit on top of each other we would expect a 2 + 1 dimensional U{k) gauge theory 
on their worldvolume, ~ x 5*^. Let us write the worldvolume action for these D5-branes. It 
is given by (|2.40|) 

Sd5 = T5 I (dtd^xdQs e"* ^det {-g + 2na'F) + {27ia'f C[2]AFAf) , (5.28) 

where F is the world-volume gauge field strength and the last term is the Wess-Zumino contribution 
arising from the non- vanishing Cpj field in the MN solution ( |3.32D . Expanding in powers of a' and 
computing both terms in ( |5.28| ) explicitly we have, besides the usual Yang-Mills and scalar terms 
( p.43| ) -and, of course, their supersymmetric partners- ^ 

-^^5-777^ / ^^^^3 / dtd^xe~^,/det{-g)+ [ Fp, [ AAF + ■ ■ ■ , (5.29) 

where we split the integral taking into account the natural factorization in the wrapped and flat 
parts of the worldvolume of the D5-branes. Also, the dots amount to the previously alluded terms 

^The theory on the domain wall has Af — 1 supersymmctry in three dimensions, i.e. two supercharges, and the 
field content is organized accordingly in vector {A, A) and scalar (<&, 5*) multiplets B. 
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and quantities are evaluated at p = 0, where the volume of the wrapped is minimum. The first 
term gives the tension of the domain wall PU[, 



Tdomain wall = («') ~' ((^.A^J ^ . (5.30) 

On the other hand, recalling that the F[3] form has Nc units of flux threading the sphere, the latter 
term in ( |5.29|) gives nothing but a level Chern-Simons gauge theory dynamics induced on the 



domain wall 

It is also possible to show that if we cross a domain wall built out of k wrapped D5-branes, 
the corresponding shift ( |5.71 ) takes place due to a change in the flux of the Cp] field on the sphere. 
This indicates that we have tunneled from a given (say, the n-th) vacuum, to the {n + A;)-th one. 
Let us close this subsection by stating, without further comments, that in the M-theory approach 
a domain wall corresponds to an M5-brane wrapping on S'^ /'Ln- 

5.7 Wilson Loops 



Consider a Wilson loop ( |1.18D with a rectangle contour C. A natural prescription to compute this 



quantity in string theory, since the fundamental strings is associated to the QCD-string, would be 
to sum over all world-sheets having C as a boundary. The leading contribution then implies the 
identification of the Wilson loop in the Maldacena conjecture as 

< W[C] >~ e-^^° , (5.31) 

where Sng is the Nambu-Goto action for a fundamental string going from one quark to the other 



121| , |103|| . The general analysis was performed in Consider a lOd background 

ds^ = -gtt{r)de + g^^{r)dx^ + grr{r)dr^ + gij{r)de'de^ , (5.32) 

where the spatial coordinates on the D3-brane are the and the internal compact coordinates are 
6^. Let us consider the quark anti-quark to be separated in the x direction. If we parameterize the 
fundamental string a.s t = t, x = a, and r = r{a), and we define 

f{r{a)) = gtMa)) fc(r(a)) , g\r{a)) = gtMa)) grMa)) , (5.33) 

the Nambu-Goto action reads 



Sj\fG = J drda a/ det{—g) 



T / da VPiria))+g\ria)){r'ia)y , (5.34) 



where T is the time interval. This action implies an equation of motion that dictates the embedding 
r(cr) of the fundamental string to be 

dr _^f{r) P{r)-p{0) 

da-^g{r) /(O) " ^^"^^^ 
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The distance L separating the static pair of quark anti-quark is 

9{r) /(O) 



da 



where is the maximal radial distance from the fundamental string to the D3-branes (see Fig.|^). 
The quark anti-quark potential is read off from ( |1.19| ) and ( ]5.31| ), after a suitable renormalization 




strong coupling 



D3-brano 



Figure 8: Wilson loop and confinement. We introduce the quark pair in terms of the W bosons associated 
to the symmetry breaking U{Nc + 1) ^ U{Nc) x C/(l), which we perform by separating a D3-brane. At 
strong coupling, as discussed earlier, the Nc D3-branes are replaced by the background. 



131|| -whose details we skip- of the otherwise divergent Nambu-Goto action. It is given by 



E = /(0)L + 2 [Vnr)-fm - /(r)^ dr , (5.37) 

In this way, we can determine whether a supersymmetric gauge theory is confining or not from its 
gravity dual. It is possible to extract from the above formulas a sufficient condition for confinement 
|131|| : If /(r) is analytic, /'(r) is positive and g{r) is smooth for r G (0, oo), and if the integral of 
g{r)/ p{r) does not diverge, then there is confinement if either /(O) 7^ or g{f) 00 for some 
r = f, with /(r) 7^ 0. It is not hard to check that the first condition is accomplished in the MN 
solution. Notice that confinement reduces to the behaviour of the gravity dual at small radius 
which, from the point of view of the gauge theory, is the IR. The tension of the QCD string in the 
MN set up is finite (actually, proportional to /(O)): the theory confines. 

5.8 Instantons 

As discussed earlier, instantons in A/" = 1 SYM theory are responsible for breaking U{1)r to 'L2n^- 
The action of an instanton, from the field theory point of view, is given by 

'S'inst = — h iOvM ■ (5.38) 

9ym 
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In the large Nc limit, this breaking pattern is not apparent in the isometries of the MN background. 
Instantons can be identified with Euclidean Dl-branes wrapping an S"^ which is orthogonal to the 



gauge theory directions |p.06|| . The precise supersymmetric 2-cycle is defined by the equations 



9 = 9, ^ = 271 -if, ip = {2n+l)n. (5.39) 

In the UV we have to use the S-dual background, that is, the Dl-brane should be replaced by a 
fundamental string (the instantons in the gauge theory being related to worldsheet instantons). As 
the MN configuration asymptotes to the so-called Abelian MN solution in the UV, we should use 
the latter to compute instanton effects. The upshot being that the Nambu-Goto action (plus the 
Wess-Zumino contribution) , 



S^o = ,r^ I d-'ie-t' \ e^^ + -{a~lY-i I , (5.40) 

must be identified with the action of an instanton, S'ng = 5'inst- When computing explicitly, we get 

Stt^ 1 



d'^ e-^ de^'' + -{a-iy , (5.41) 



'YM 



4A^cV'o ■ (5.42) 



The latter expression tells us that only 'Zi2Nc rotations of the phase ip ^ ^ + ^ leave the path 
integral invariant. 

5.9 Finite Temperature Effects 

We would like to shortly mention an interesting application of the gauge/gravity duality to confining 
theories at finite temperature. There is a conjectured deconfining phase transition in these theories, 
at a given temperature T^, where a new state of matter appears; namely, the quark-gluon plasma. In 
recent years, the traditional view on quark-gluon plasma properties has changed. Instead of being 
thought of as a weakly interacting gas of quasiparticles, it is now viewed as a strongly coupled nearly 
perfect fiuid [|129|| . As such, it is better described in terms of hydrodynamics. It is then a vital 
issue to characterize its transport properties such as the shear and bulk viscosities, rj and (, the 
thermal and electric conductivity kt and a, the charge diffusion constant Dq, the speed of sound Vg 
and the entropy density s. Transport coefficients are hard to compute from first principles, even in 
perturbation theory, and are not amenable to lattice gauge theory techniques either (see, however, 
||122|| ). The uses of the gauge/gravity correspondence in this respect are of sound relevance. 

The shear viscosity represents the transferred momentum between different layers of a fiuid. It 
is computed in the high energy regime of field theories as a correlation function of the stress-energy 
tensor by the so-called Kubo formula 

V=lim — dtd^xe'^' < [T,.,(x, t), T,,(0, 0)] >= - lim ""'""^ , (5.43) 

2w J uj^O w 
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where G^y ,^y{w,0) is the retarded Green function. This has been studied in detail when T » 
in perturbative field theory. How can this be computed on the gravity side? 

The gravity duals of finite temperature gauge theories involve black holes in asymptotically 
AdS backgrounds | |141|| . Hawking's temperature and Bekenstein's entropy of the gravitational back- 
ground are identified with those of the gauge theory in thermal equilibrium. Given that transport 
properties correspond to near-equilibrium processes, and taking into account that Qf^u couples to 
the energy-momentum tensor and we wish to compute correlators of the kind given in (|5.43|) , they 
can be studied by considering (metric) perturbations of the appropriate thermal supergravity back- 
ground ||120||. We will not explain this technically involved approach here. Instead, we would like to 



comment on a misterious feature that, even having being developed some twenty years ago, makes 
more sense under the a posteriori light of AdS/CFT. This goes under the name of the membrane 
paradigm ||73l . 



The black hole membrane paradigm can be simply recasted as stating that the event horizon 
can be thought of as a high temperature classically radiating surface (see ||135|] for details). Being 
out of equilibrium, it presents all kinds of characteristic features of a dissipative system. Consider, 
for example, the shear viscosity. Let us start from a generic black hole background of the form 



ds^ = -gtt{r)dt^ + gxx{r)dx^ + grr{r)dr^ + Z{r)gij{y)dy'dy^ , 



(5.44) 



where tq stands for the position of the black hole horizon. Without entering into details that are 
well out of the scope of these lectures, we would like to comment on a striking result. It turns 
out that the shear viscosity per unit of specific entropy of this configuration that follows from 
the membrane paradigm, fully coincides with the expression obtained by computing the lowest 



quasinormal frequency in this background ^3 



V 

s 



T 



det g 

9tt9rr 



dr 



gttgr 



,Vdetg 



(5.45) 



Something similar happens with other transport coefficients. Furthermore (and remarkably enough), 
the above formula gives a universal value for backgrounds corresponding to duals of a huge class of 
super symmetric gauge theories of the black brane form ( |5.44| ) 



s 



1 

4:71 



(5.46) 



58, m 



in the regime in which it is well described by its gravity dual, i. e., 

universality is related to that of the low energy absortion cross section for gravitons 
Furthermore, and most important to us, this ubiquitous value has been explicitely derived by 
direct computation of Kubo's formula within the AdS/CFT framework for a wide class of relevant 



at strong 't Hooft coupling. 



This 



^°It is timely to add th at it was found ver y recently that the same universal ratio is attained in gauge theories 
with a chemical potential |10£, |l3C|, 124, 101 1 whose gravity dual background -an i?-charged black hole- cannot be 



written as in (5.44). This may suggest that there is a generalization of the membrane paradigm that encompasses 
these systems. 
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supergravity backgrounds |3^. This is quite a small value. For example, the same quantity for 
water under normal pressure and temperature is about 400 times higher. In good accord with this 
prediction, measurements at the Relativistic Heavy Ion Collider (RHIC) also suggest a small value 
for this ratio pOj . 

Let us quickly check how this result emerges within the membrane paradigm in the case of a 
finite temperature version of the Maldacena-Nuiiez background. It is given by the following lOd 



metric in the Einstein frame 133 



Alir) dt' + dxl + a'g^N, ( ^^^^^^ + e^^^^'^ dQl + i dfi^ + ^ ej 



(5.47) 



where = dip + cos 6*^0 + cos 9 d(j), and the set of functions C(r), Ai(r), A2(r) and h{r), which 
are defined in [Q, satisfy the identity 



A;(r)A2(r) 



4rC(r)8e2^M 



(5.48) 



/i being the near extremal parameter. This solution has a regular horizon tq. One can compute the 
temperature of the black hole to be 



27tT 



1 



(5.49) 



r=ro 



Inserting this expression in ( |5.45|) , and using ( |5.48|) , it is not hard to verify that the universal value 
l/47r is attained [04 |. 

Plugging in units into ( p.46| ), it is amusing to check that neither the Newton constant G nor 
the speed of light c appear in this expression. This seems to imply that it is not of relativistic or 
gravitational origin. The constants entering ( p.4(j| ) are Planck's h and Boltzmann's /c^. It actually 
looks more quantum mechanical. Like the saturation of the uncertainty principle. Indeed, it has 
been conjectured that this value is a lower bound for any system in Nature 0. 

5.10 Adding Flavors 

In order to introduce matter in the fundamental representation of the gauge group, it is necessary to 
incorporate an open string sector in the dual supergravity background. To do so, it seems natural to 
consider the addition of D-brane probes at a characteristic distance. Let us call them flavor branes. 
This distance will give a lower bound for the energy of a string stretched between both branes 
which is to be related with the mass of the quarks. It is interesting to point out that this is also 
suggested by 't Hooft's large Nc arguments, since fiavor corresponds to the presence of boundaries 
in the worldsheet and these amount to D-branes. It was originally proposed in the AdS^ x 5*^ case 
that addition of fiavor corresponds to spacetime filling D7-branes Open strings coming into 
the stack of D3-branes where the gauge theory is defined, represent quarks and the fiuctuations of 
these D7-branes provide the meson spectrum . 



The addition of matter multiplets in supersymmetric gauge theories does not reduce the amount 
of supersymmetry. Therefore, the fiavor branes have to be introduced into the configuration in a 
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symmetry preserving way. At the probe approximation, the supersymmetric embedding of a D- 
brane probe is obtained by imposing the kappa-symmetry condition: 

r.e = e, (5.50) 

where e is a Kilhng spinor of the background and is a matrix that depends on the embedding. 
In the absence of worldvolume gauge fields hving on the probe D-brane, 

r« = ^p + i)l^ (rs)"^ ® 7.,....,,, , (5.51) 



where g is the determinant of the induced metric (7^,^ and 7;_ii...^p+i denotes the antisymmetrized 
product of the induced Dirac matrices. In order that the probe approximation remains valid and 
backreaction of the flavor branes do not need to be considered, we shall assume that we are in the 
so-called quenched approximation, Nf << Nc- In the case of MN, flavor is introduced through 
D5-branes wrapping a two-cycle different from the one wrapped by the bunch of Nc D5-branes 
defining the gauge theory ||113|| . There are no solutions at a fixed distance. This is related to the 



lack of moduli space in A/" = 1 theory. Other aspects that can be studied within this framework 
include f/(l)_R symmetry breaking by the formation of a squark condensate, non-smoothness of the 
massless quark limit, and U{1)b baryonic symmetry preservation. We have unfortunately no time 
to discuss these in the present lectures. Further work on the gauge/gravity duality in presence of 
flavors include Aspects of the meson spectrum were considered in [^, while meson decay at 
strong coupling has been recently discussed in ||115|, p] . 



Many additional aspects of the gauge/gravity duality in confining theories would have deserved 
to be discussed in these lectures. For example, the mass spectrum of glueballs. These are composite 
objects whose constituents are nothing but gluons. The mass spectrum of these states is quite 
amenable to lattice studies ||133|| . By these means, it has been shown that they have a bound state 



spectrum, the lightest glueball being a scalar with a mass of 1630 MeV. The examination of this 
problem in the dual gravity background demands the study of fluctuations of supergravity fields. 
The linearized system is reduced to a Schrodinger problem whose eigenvalues are nothing but the 
desired spectrum. Remind that we have seen in the second lecture that fluctuations of the fields 
in the gravity side correspond to operators in the dual gauge theory. Thus, what this approach 
computes is a correlation function from which we can actually read the masses of the glueballs. In 



the MN setup, this issue has been addressed quite recently in [B3, 17 
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A. Useful formulas 

A.l Conifold 

The metric of the conifold and its resolved and deformed cousins are better described in terms of 
the following vielbein: 

= [— sin 9i d0i — cos ip sin 02 d02 + sin ip d92\ 
1 

— — = [d9i — sin ip sin 6*2 d4>2 — cos ip d92] 
1 

g^ — —= [— sin ^1 d^\ -|- cos sin ^2 ^^02 — sin ^^2] 
1 

= —= \dQ\ -|- sin sin Q2 d(f>2 + cos ip d92] 
v2 

g^ ^ d'ijj + cos 61 d0i + cos 62 d(t)2 (A.l) 
The metric of T^'-*^, for example, is then written as 

ds\T^'^) = \j^{gr + \{9'f (A.2) 

i=l 

Check, as a useful exercise, the following identities: 

d{g' ^9^ + g'^ g') = / a {/ a / - / a g') (A.3) 

d{g' Ag'-g'A /) = -g' a {g' Ag' + g'A g') (A.4) 

Remind that T^'^ is a U{1) fibration over a Kahler-Einstein manifold, 5"^ x S"^. The symplectic 
form of the 4d base manifold reads 

J4 = ^ f sin 9i dOi A d(j)i + sin 62 d92 A #2 j • (A.5) 
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Given the conical structure of the variety, we can write the symplectic form of the conifold J by 
means of J4 and 

J = + ^ drhg^ . (A.6) 
The reader should check that dJ = 0. We can also define the 2-form 

W2 = ^ (^g^Ag^ + g^Ag""^ = ^ sin OidOiAdcpi - sin 92d92Ad(f)2^ , (A.7) 

and the 3-form 

W3 = g^Aw2 . (A. 8) 

Both are closed 

dw2 = dw3 = . (A.9) 

Furthermore, notice that 

W2AW3 = i (g'Ag^ + g^Ag""^ Ag^A^ (^g^Ag^ + g^Ag'' 

= Ig'Ag'Ag'Ag'Ag' = bAd^oliT''') . (A.IO) 

The following results are also useful throughout the text (in section 4): 

36 



.2 ^ . „ ,ab ^ac^bd^ 

r^h 

.2 _ „.. „..abc "3 ^ 



U!2 = W2,abW2 = g g W2,abW2,cd = , 



^ WS,atcWr = ^JJ^ , (A.ll) 

h = h{r) being the function appearing as a warp factor in the metric ([4.19|) . Using the metric (|4.8|) , 
it is straightforward to compute the volume of the base 

Vol(ri'i) = . (A.12) 

Thus, 

9771 

L' = ^gsNia'Y . (A.13) 

A. 2 Left invariant one forms 

Let L be an element of SU{2). The left invariant one forms w^, k = 1,2,3, are defined by the 
expression 

LUL = '-w'ak , (A. 14) 

where ak are the Pauli matrices. The canonical basis is 

= cos (f)d9 + sin 9 sin (j)dip , 
= sin (I)d9 — sin 9 cos (pdip , 
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w = d(j) + cos Odif) . 
Exercise: Check that parametrization of L in terms of Euler angles, 



(A.15) 



leads to the canonical basis. It is useful to notice that = — iTr((TkLML). 



A. 3 Useful type IIB formulas 

Let us recall the Lagrangian and equations of motion of type IIB supergravity. In the string frame, 
the action reads ||126||: 



Sub = e"'" (^d'^xV^ i? + 4 d$ A - ^i/p, A *if[3] j 

- 4^ / (^[1] A + If[3] a VcF[3] + ^F[5] A VcF[5] - ^4] A F^s] A i/[3]) , (A.16) 



where 



^[1] 


= dC[o] , 




= dC[2] — 




= dB[2] , 


F[5] 


= dC[4] — 



10] ^[3] 



'[2] 



1 



43] 



B[2] A F\ 



[3] 



(A.17) 



supplemented by the additional on-shell constraint F[5] = *F[5]. Let us recall the change to the 



Einstein frame by keeping careful track of the gs factors (following, for example, Ref . ||77|| ) . We start 
from 

(fl'/i!/) string = 9s 6*^^ (fl'/iz/) Einstein , (A. 18) 

where gs = e*(''^°°) is the string coupling constant. Then, 



-1/2 ^<f/2\5 



\9 



^ -5/2 5*/2 
Einstein V 1^1 Einstein 



(A.19) 



5' I string 

In general, for any p-form 

A * F[p])string = g^s^^ e-^'*/2 ^^^^^^ ^ F[p])Einstein • (A.20) 

we can write the action in 



Reabsorbing the factor g^ into the constant by defining k 
the Einstein frame as 

1 

1 
2 



S 



IIB 



d^'xy^R -Id^A^d^-^ e-*i/[3] A */f[3] 



(A.21) 



e2*F[i] A ^Ffii + % e*F,3i A ^F,3i + ^« ----- - 



[3] 



[3] 
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F[5] A 7fcrF[5] - C[4] A F[3] A if [3] 
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where all quantities are given in the Einstein frame. Beside the Einstein equation, 

Rmn = -jdM(t>dN^+ -je^^dMC[o\dNC[Q] + ^ {^[i]MPQ^[i]N^ ~ '^9mn H]^z-f^ 

+i^[5lMPg«5^[^l/^^' + I (^[aiMPQ^ia]/'^ - ^^MivFp]^) , (A.22) 
where we used F^^ — 0, the equations of motion include 

V V = Ffi] - I e-* + I F[| , (A.23) 

d{e^^ ^ = -(7, e* iJ^] A ^F[3] , (A.24) 

rf(e*^F[3]) = (?.F[5]AiJ[3] , (A.25) 

(i(e-* ^ i/[3] - qo] e* * F[3]) = F[5] A (F[3] + ^0] ^^[3]) , (A.26) 

d(*F[5]) = -F[3]A//[3] , (A.27) 

and the Bianchi identities 

(iF[i] = (ii/[3] = , ciF[3] = -F[i] A i/[3] , c?i^[5] = -i^[3] A i/p] . (A.28) 
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